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ABSTRACT. We develop a general theory of canonical bases for quantum symmetric
pairs (U, U") with parameters of arbitrary finite type. We construct new canonical
bases for the finite-dimensional simple U-modules and their tensor products regarded
as U’'-modules. We also construct a canonical basis for the modified form of the
rquantum group U®. To that end, we establish several new structural results on
quantum symmetric pairs, such as bilinear forms, braid group actions, integral forms,
Levi subalgebras (of real rank one), and integrality of the intertwiners.
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1. INTRODUCTION

1.1. Background. Let U = U,(g) be the Drinfeld-Jimbo quantum group with trian-
gular decomposition U = U~UU™*. Lusztig [Lu90, Lu91] constructed the canonical
basis on an integral A-form 4,U~ of U~ and compatible canonical bases on finite-
dimensional simple U-modules L(\) (using perverse sheaves for general type, or via
PBW basis in finite type as well), where A = Z[q, ¢"']. Kashiwara [Ka91] gave a dif-
ferent algebraic construction of the canonical bases by globalizing the crystal bases at
q=0.

In [Lu92|, Lusztig constructed the canonical bases on the tensor product of a lowest
weight module and a highest weight module “ L(\)® L(1), for dominant integral weights
A\, i € XT. Based on various compatibilities of the canonical bases as ),y vary, he
further constructed the canonical bases on the modified form U. All these constructions
fit in the notion of based modules (see [Lu94] for finite type and [BW16| for general
type).

Given an involution € on a complex simple Lie algebra g, we obtain a symmetric
pair (g, g%), or a pair of enveloping algebras (U(g), U(g?)), where g’ denotes the fixed
point subalgebra. The classification of symmetric pairs of finite type is equivalent to the
classification of real simple Lie algebras, which goes back to Elie Cartan, cf. [OV]; these
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classifications are often described in terms of the Satake diagrams; see [Ar62]. Recall
a Satake diagram consists of a partition of the nodes of a Dynkin diagram, I = I, U,
and a (possibly trivial) Dynkin diagram involution 7; see Table [l

As a quantization of (U(g), U(g%)), a theory of quantum symmetric pairs (U, U*) of
finite type was systematically developed by Letzter [Le99, [Le02]. Such a U” of finite
type is constructed from the Satake diagrams. In this theory, U® is a coideal subalgebra
of U with parameters (i.e., the comultiplication A on U satisfies A : U* — U*®@U) but
not a Hopf subalgebra of U, and 6 is quantized as an automorphism (but not of order
2) of U. The algebra U® has a complicated presentation including nonhomogeneous
Serre type relations. The quantum symmetric pairs (QSP for short) have been further
studied and generalized to the Kac-Moody setting by Kolb [Kol4]. The algebra U* on
its own will be also referred to as an 1quantum group.

1.2. The goal. The goal of this paper is to develop systematically a theory of canonical
basis for quantum symmetric pairs of arbitrary finite type. Actually several main
constructions of this paper work in the Kac-Moody generality, though we shall assume
the QSPs are of finite type throughout the paper unless otherwise specified. We shall
construct a new canonical basis (called i-canonical basis) on the modified form U* of
the 1quantum group U® as well as 1-canonical bases on based U-modules, including
simple finite-dimensional U-modules and their tensor products.

It is instructive for us to view various original constructions of canonical bases (see
[Lu94]) as constructions for the QSPs of diagonal type (U® U, U) or for the degenerate
QSP with U* = U (i.e., I, =1).

Canonical bases have numerous applications including category O, algebraic com-
binatorics, total positivity, cluster algebras, categorification, geometric and modular
representation theory. It is our hope that the theory of canonical bases arising from
QSPs can be further developed, and it will lead to new advances in some of these areas.

1.3. What was known? Let us recall the early effort toward the constructions of
canonical bases for a very special case of quantum symmetric pairs, which is of type
AIIT/AIV with I, = 0. In [BWI13], the authors constructed the intertwiner Y (an
analogue of the quasi-R-matrix in the QSP setting), proved T is integral, and used it
to define a new bar involution v, = Y o1 on any based U-module with a bar involution
1) to obtain a based U*-module. In particular, we obtain the 2-canonical basis on finite-
dimensional simple U-modules and their tensor products. An application of such an
1-canonical basis (with a particular choice of parameters) may be found in [BW13].
There the authors formulated a Kazhdan-Lusztig theory for super type B, which was
an open problem for decades.

For type AIII/AIV with I, = (), the modified squantum group U and its ¢-canonical
basis have been obtained in [BKLW|, [LW15] using flag varieties of type B/C, gener-
alizing the geometric realization of U by Beilinson-Lusztig-MacPherson [BLM]. The
1-canonical basis of U* admits positivity with respect to multiplication and comultipli-
cation [LW15|[FL15]. The s-canonical basis of the quantum symmetric pair (U, U*) with
a different choice of parameters was used in [Baol7] to formulate the Kazhdan-Lusztig
theory for category O of (super) type D. (Connection between quantum symmetric
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pair (U,U") and the type D category O was observed in [ES13| independently from
[BW13].)

1.4. Main results. Let us provide a detailed description of the main results.

1.4.1.  The iquantum groups with parameters (and the quantum groups U) given in
[Le99] [Ko14] are defined over a field K(g'/¢) for a field K D Q containing some suitable
roots of 1 and d > 1. Confirming an expectation stated in [BW13], Balagovic and
Kolb [BK15a] showed the existence of a bar involution v, of the :quantum groups and
determined the constraints on parameters. But for a canonical basis theory, it is more
natural to work with algebras over the field Q(¢). In this paper we give a definition of
the tquantum group U® over the field Q(q) with slightly modified parameters; see Defi-
nition 3.5l (also compare [BK15]). We further explain (see Lemma[310) the parameters
can actually be chosen to be in A = Z[q,¢~!] and the bar map v, makes sense on the
Q(g)-form U*, as a prerequisite for the theory of +-canonical bases. Denote by 1 the
bar involution on U.

Observe that the inclusion map U* — U is not compatible with the two bar maps
on U’ and U. A basic ingredient which we shall need for i-canonical basis is the
intertwiner T for the quantum symmetric pair (U, U"), which lies in (a completion of)
U™*; of. [BWI3, Theorem 2.10] and [BK15, Theorem 6.10] (for a precise formulation
see Theorem [4.8 and Remark [.9]). The intertwiner T can be thought as the analog
of Lusztig’s quasi-R-matrix ©, which intertwines the bar involution on U and the bar
involution on U ® U. A twisted version of © is indeed the intertwiner for the QSP
of diagonal type (U ® U, U), where U is realized as the subalgebra of U ® U via the
coproduct; see Remark [4.101

1.4.2. Recall Lusztig [Lu90, Lu94] constructed braid group operators Ty, , and Tj, , on
U. The braid group action is used in the definition of U* when I, # 0.

Theorem A (Theorem[4.2]). For any i € I, and e = %1, the braid group operators Té,e
and T, restrict to automorphisms of U".

In Theorem one finds explicit formulas for the actions of T}, and T}, on the
generators of U’. Let W and Wi, be the Weyl groups associated to I and I, and let
wo and we denote the longest elements in W and Wi,, respectively. Different braid
group action for some class of U* has been constructed in the literature (see [KP11]
and references therein). Theorem [A] verifies a conjecture of [KP11] on the braid group
action associated to Wi, on U" (this conjecture was established for U’ of type AII
therein).

Recall there is a well-known anti-involution p on U [Ka91l [Lu94] (see Proposi-
tion 2.1)), which induces a non-degenerate symmetric bilinear form on each finite-
dimensional simple U-module L()), for A € X .

Proposition B (Proposition A.6]). The anti-involution g on U restricts to an anti-
involution on U".

In Proposition .6, whose proof relies crucially on Theorem [Al one further finds
explicit formulas for the actions of g on the generators of U*. This result allows us to
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naturally use the same bilinear form on L(\) viewed as a U’-module. We shall see this
bilinear form plays a basic role in formulating a non-degenerate bilinear form on the
modified form U* and Theorem [Hl below.

1.4.3. Recall the subspace Ut (w) = Ut (w, 1), for w € W, is defined in [Lu94] 40.2].
The following proposition imposes more constraint on Y which will be useful later on.

Proposition C (Proposition I5]). The intertwiner Y lies in (a completion of) the
subspace U™ (wyws).

The following is one of the key properties of T in our approach toward the canonical
bases for quantum symmetric pairs of finite type.

Theorem D (Theorem [5.3). The intertwiner Y is integral, that is, we have T € AUt

Theorem [Dlis a generalization of the integrality of the quasi-R-matrix for quantum
groups of finite type [Lu94, 24.1.6], and in the special case of QSP of type AIII/AIV
with I, = 0 it was proved in [BW13]. The general case here takes much effort to
establish.

1.4.4. The notion of a based U-module (M, B) with a U-compatible bar involution
is formulated in [Lu94) Chapter 27]. We are interested in considering M as a U*-module
by restriction, with a new bar involution v, := T o 1) (see Proposition [5.1]) compatible
with the bar map v, on U*. Theorem [D] implies that v, preserves the A-form 4M of
the module M.

Theorem E (Theorem 5.7). The based U-module (M, B) admits a 1,-invariant basis
{0'|b € B}, whose transition matrix with respect to the basis B is uni-triangular with
off-diagonal entries in ¢~1Z[g™!]. (We call {b'|b € B} the 1-canonical basis of M.)

By the fundamental work of Lusztig and Kashiwara [Lu90, Ka9l|, every finite-
dimensional simple U-module admits a canonical basis and hence is a based module.
Similarly, by [Lu92|, any tensor product of several finite-dimensional simple modules
(over U of finite type) with its canonical basis is a based module. Hence we obtain the
following corollary to Theorem [El

Corollary F (Theorems [.10] and G.IT]). Finite-dimensional simple U-modules and
their tensor products admit 2-canonical bases.

For type AIII/AIV with I, = (), Theorem [El and Corollary [E] were established in
[BW13]. The ¢-canonical bases in V¥ @ V*®" where V is the natural representation
of U, were used to define the Kazhdan-Lusztig polynomials for Lie superalgebras osp
in [BW13| [Baol7].

1.4.5. In contrast to U, the :quantum group U’ does not admit obvious triangular
decomposition. So the familiar approach toward canonical bases of quantum groups,
starting with U™ , is not available in the QSP setting. Besides, there is no obvious
integral A-form of U* in general.

We study the modified form U* of U”, similar to the modified form U of U. The
bar involution ¥, on U® extends to a bar involution, again denoted by ,, on U*. Even
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though U” is not a subalgebra of U, we can still view U as a (left) U-module naturally.
We define 4U” as the maximal A-subalgebra of U that preserves the integral form 4U
through the natural action. It is not clear at all from the definition but will be proved
in the end that 4U" is a free A-module. ‘

Recall [Lu94, Chapter 25] Lusztig’s construction of canonical basis on U relies es-
sentially on a projective system of based modules of the form “L(A+v)® L(u+v), for
A\, i, v € X T as v varies. We shall formulate a generalization of such projective systems
in the QSP setting.

We denote by P the parabolic subalgebra of U associated with I, which contains U™,
and by P the modified form of P. The intersection of the canonical basis on U with
P forms the canonical basis of P; cf. [Ka94]. We establish a Q(g)-linear isomorphism
U’lX ~ P1, (where X is an t-weight associated to A; see §3.1), which allows one to
regard P1, as an associated graded of U’lx.

Denote by n) and n,, the highest weight vector and the unique canonical basis
element of weight we\ in a finite-dimensional simple module L(\), respectively. For
A€ XT, consider the U-submodule generated by 1,1 ® 1, in the tensor product
U-module L(A\) ® L(p) (which can be shown is the same as U’- and P-submodule
generated by 7y, ) ® 1,):

Ll()‘a W) = U(nw.A ® 77#) =P (N @ m) =U"(Nwor @ m)-

Recall 7 is the Dynkin diagram involution for a Satake diagram and we set v™ = 7(v).
The significance of the modules L'(\, u) is that

(11) le.)\_;,_“ = UllmgLiLnLl()\+VT,M+V),
v
where the inverse limit is understood as v +— co.

One observes that L*(\, u) is a based U-module. Kashiwara [Ka94] further estab-
lished the compatibility between the canonical basis on U with the canonical basis
on L'(\, p) under the obvious action, which allows a uniform parametrization of the
canonical, and hence the ¢-canonical, basis on L*(\, u).

Toward the construction of the universal K-matrix X for general QSP (which is
an analog of Drinfeld’s universal R-matrix for U), a U'-module isomorphism X' was
defined in [BK15]. (In cases when I, = () this was constructed by the authors, as it
is a straightforward generalization of the construction of an isomorphism 7 in type
AIIT/AIV in [BW13].) Even though the setting for [BK15] is mostly over a larger field
K(g*/%), some flexibility in constructing X’ allows one to choose a version, denoted by
T in §4.5] which is defined over the field Q(q). Here we keep the notation 7, since this
paper follows closely [BW13]. With the help of T, we construct in Proposition a
unique U’-homomorphism (for v € X )

T=mypyp: L'A+v7, p+v) — L'\ p), TN @ Npgr) = N3 @ Ny

Hence we have constructed a projective system of U’-modules {L*(A+v7, u+v)},ex+.
Lusztig’s original construction is recovered in the degenerate case when I = I, and
U'=0U.
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However in contrast to Lusztig’s results in the quantum group setting we cannot claim
the strong form of compatibility of z-canonical bases in the sense that the projection
Tauy 18 @ based U'-module map. An interesting new phenomenon has already been
observed in [BW13\ §4.2] for QSP (where two 2-canonical basis elements can be mapped
to the same nonzero -canonical basis element).

In this paper we prove an asymptotic compatibility of ¢-canonical bases in the projec-
tive system, that is, --canonical basis elements are mapped to ¢-canonical basis elements
with the same labels (thanks to [Ka94]) through the projection 7, , when v — oo.
Together with (IIJ), this suffices to construct the :-canonical basis on Uzlw. pwr Ac-

tually, the -canonical basis of Ul is parameterized by the canonical basis of

) We A+
Plyorip.

Theorem G (Theorem [617, Corollary BI9). The algebra U’ admits a unique
canonical basis BZ, which is asymptotically compatible with the 2-canonical basis on
L*(\,u), for \,p € XT. Moreover, the basis B’ is i,-invariant, and AUZ is a free
A-module with basis B

1.4.6. Bilinear forms. Recall there is a non-degenerate symmetric bilinear form [Ka91l
Lu94] on each finite-dimensional simple module L(\) defined via the anti-involution p
on U, with respect to which the canonical basis is almost orthonormal. It follows by
Corollary [F] and Lusztig’s results [Lu94, IV] that the 2-canonical basis on L(\) ® L(u)
is almost orthonormal with respect to the tensor product bilinear form (-,-),. We
prove in Lemma that the bilinear form (-,-)x4,7 44, converges as v goes to oo
through the projective system {L*(A 4+ v7, 1+ v)},cx+, and hence the limit defines a
symmetric bilinear form (-,-) on U?; see Definition This form is compatible with
the anti-involution g on U* established in Proposition [B} see Corollary

The following theorem is a generalization of a similar characterization of the signed
canonical basis for modified quantum groups [Lu94, Chapter 26].

Theorem H (Theorems and [B.28)). The +-canonical basis B is almost orthonor-
mal with respect to the symmetric bilinear form (-,-) on U. Moreover, the signed
1-canonical basis (—B’) U B is characterized by the almost orthonormality, integrality,
and v,-invariance.

1.5. Strategy of proofs. Recall U,(sly) plays a fundamental role in the crystal and
canonical basis theory of Lusztig and Kashiwara. To study the general quantum sym-
metric pairs we need to study first in depth the quantum symmetric pair of real rank
one (also cf. [Le04, Section 4]). There are 8 different types of real rank one QSP; see
Table [Il We formulate a notion of Levi subalgebras of U* (which are :quantum groups
by themselves). In particular, a general :quantum group is generated by its Levi sub-
algebras of real and compact rank one. (Here a Levi subalgebra of compact rank one
is a copy of Uy(slz) associated to any ¢ € I,.)

Note that for QSP of real rank one, U™ (wgws) is a relatively small subspace of U™t.
Proposition [C] makes it feasible for us to prove Theorem [D] for QSP of real rank one
through brute force case-by-case computation. Actually we essentially obtain inductive
formulas for YT in the real rank one cases; see Appendix [Al
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The proofs of some main theorems are proceeded in the following steps:

(1) prove Theorem [D] for QSP of real rank one via case-by-case computations;

(2) prove Theorem [El and then Theorem [G] for QSP of real rank one;

(3) prove Theorem [DI] for QSP of arbitrary finite type using Theorem [El and The-
orem [G] for QSP of real rank one;

(4) prove Theorem [E]l and then Theorem [G] for QSP of arbitrary finite type;

(5) prove Theorem [HI for QSP of arbitrary finite type.

1.6. The organization. The paper is organized as follows. In Section 2] we review
various basic constructions for the quantum group U. We study the based submodule
L*(\, p) of the tensor product L(A) ® L(p) and the parabolic subalgebra P of U. We
establish the compatibility between the canonical basis on the modified form P and the
canonical basis on L'(\, u).

In Section Bl we introduce the -root datum associated with a Satake diagram and
define the corresponding coideal Q(gq)-subalgebra U’ of U with parameters. We also
define the modified form U and an A-subalgebra 4 U".

In Section [, we prove the braid group operators Ti,’w for w € Wy, and the anti-
involution p on U restrict to automorphisms and an anti-involution, respectively, of
U'. We show that Y lies in (the completion of) the subspace U™ (wows).

In Section Bl we prove the integrality of the intertwiner Y. The long computational
proof for real rank one is given in Appendix [Al We then establish the z-canonical
bases on based U-modules. We comment on the validity of several constructions for
quantum symmetric pairs of Kac-Moody type. We plan to return in a future work to
the construction of ¢-canonical bases arising from QSP of Kac-Moody type.

In Section [6 we construct the projective system of U'-modules {L*(A + v",u +
v)},ex+, prove the s-canonical basis elements stabilize when v — oo, and construct
the canonical basis on U’ . As a consequence, we show that 4U? is generated by
the canonical basis elements of its real and compact rank one subalgebras. We also
construct a non-degenerate symmetric bilinear form on U?, with respect to which the
signed canonical basis is shown to be almost orthonormal.
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2. QUANTUM GROUPS AND CANONICAL BASES

In this preliminary section, we review the basics and set up notations for quantum
groups and their modified forms, braid group actions, and canonical bases. We follow
closely the book of Lusztig [Lu94]. We also review the less familiar construction of
parabolic subalgebras and their canonical bases, following [Ka94]. Theorem is new
in this generality.

2.1. The algebras f and U. Let (Y, X, (-,-),---) be a root datum of finite type (L, -)
[Lu94, 1.1.1, 2.2.1]. We have a symmetric bilinear form v,v’ — v -1/ on Z[I]. For
p=icr it € Z[I], we let ht(p) = >y pi- We have an embedding I C X (i — '), an
embedding I C Y (i — i) and a perfect pairing (-,-) : Y x X — Z such that (i, j') = 2;—3,
for i, j € I. The matrix ((¢,5')) = (a;j) is the Cartan matrix. We define a partial order
< on the weight lattice X as follows: for A\, \ € X,

(2.1) A < Xif and only if X' — X € NJIJ.

Let W be the corresponding Weyl group generated by the simple reflections s;, for
i € I. Tt naturally acts on Y and X. Let RV C Y be the set of coroots. We denote by
pY €Y the half sum of all positive coroots. Let R C X be the set of roots. We denote
by p € X the half sum of all positive roots. We denote the longest element of W by
wo. B

Let ¢ be an indeterminate. For any ¢ € I, we set ¢; = qlé_l. Consider a free Q(q)-
algebra 'f generated by 6; for i € T associated with the Cartan datum of type (I,-). As
a Q(q)-vector space, 'f has a weight space decomposition as 'f = LEN[I] 'f,,, where 6;
has weight ¢ for all « € I. For any = € 'f,,, we set |z| = p.

For each i € I, we define r;, ;7 : 'f — 'f to be the unique Q(g)-linear maps such that
(2.2) ri(1) =0, 7i(0;) =6, ri(za')=wr;(z")+ qi'“/m(x)a:’,
' (1) =0, 7(0)=0d;y, ir(zx)=q" zr@)+ir(r)2,

for all z € 'f,, and 2’ € 'f .
Let (-,-) be the symmetric bilinear form on 'f defined in [Lu94 1.2.3]. Let I be the
radical of the symmetric bilinear form (-,-) on’f. For i € I,n € Z and s € N, we define

B A

[n]l )
qi — qz j=1
We shall also use the notation
!
[n] :,[ni]i,, for 0 <s<n.
sli [sliln —sl;

It is known [Lu94] that I is generated by the quantum Serre relators S(6;,0;), for
i # j €1, where

1—a;;

(2.3) 5(0:,05) = Y (-1)° [1 _s%} 6:0;0; """,
s=0 i
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Let f ='f/I. We have rg(S(Hi,Gj)) = gT’(S(@Z’,Hj)) =0, for all £,i,7 € I (i # j). Hence
rp and ¢r descend to well-defined Q(g)-linear maps on f.
We introduce the divided power \*) = 02/[al} for a > 0. Let A = Z[g,q']. Let 4f

i
be the A-subalgebra of f generated by 92@ for various a > 0 and ¢ € I.

Let U be the quantum group associated with the root datum (Y, X, (-,-),...) of type
(I,-). The quantum group U is the associative Q(q)-algebra generated by E;, F; for

it €land K, for p € Y, subject to the following relations:
Ky=1, K, K,y = K, for all i €Y,
K,Ej = q<“’j/>EjKM, K, Fj = q—<u7j’>Fij
Ki—K_;

I
L )

E;F; — F;E; = 6,
S(E,Fj) = S(EZ,E]) =0, for all ¢ #] el,

where K.; = Ki%l and S(E;, E;) are defined as in ([2.3).

Let U™, U% and U~ be the Q(q)-subalgebra of U generated by E;(i € I), K,(u € Y),
and F;(i € I) respectively. We identify f = U~ by matching the generators 6; with Fj.
This identification induces a bilinear form (-, -) on U~ and Q(g)-linear maps r;,;r (i € I)
on U™. Under this identification, we let UZ, be the image of f,,. Similarly we have
f =~ U™" by identifying 6; with E;. We let 4U~ (respectively, 4UT) denote the image
of 4f under this isomorphism, which is generated by all divided powers Fi(a) = F*/[al}
(respectively, EZ-(a) = E¢/[a]}). The coproduct A : U — U® U is defined as follows (for
ielpeY):

(24) A(E)=E 01+ K QE, AF)=10F+FEoK ; AK,)=K,®K,.

The following proposition follows by checking the generating relations, which can also
be found in [Lu94, 3.1.3,. 3.1.12, 19.1.1].

Proposition 2.1.

(1) There is an involution w of the Q(q)-algebra U such that w(E;) = F;, w(F;) =
E;, and w(K,) =K_,, forallicl and p €Y.

(2) There is an anti-involution o of the Q(q)-algebra U such that p(F;) = qi_lFZ-INQ,
p(F;) = qi_lEiIN(i_l and p(K,) = K, forallicl and peY.

(3) There is an anti-involution o of the Q(q)-algebra U such that o(E;) = FE;
o(F;)=F; and o(K,)=K_, foralliecl and p €Y.

(4) There is a bar involution — of the Q-algebra U such that q¢ — ¢ ', E; = E;,
F; = F;, and Fu = K_, foralli el and p € Y. (Sometimes we denote the
bar involution on U by 1.)

2.2. Braid group actions and PBW basis. Recall from [Lu94l 5.2.1] that for each
i €I, e € {£1}, and each finite-dimensional U-module M, linear isomorphisms T; , and
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TZG on M are defined: for A € X and m € M,, we set

T/ (m) _ Z (_1)bq§(b—ac) E(“) F(b)E(C)m
7 a,b,c>0;—a+b—c=(i,\)
T;e(m) = Z (_1)bqie(b—“0)Fi(“) Ez(b) FZ(C)m

a,b,c>0;a—b+c=(i,\)
These T/, and T; . induce automorphisms of U in the same notations such that, for
all w € U,m € M, we have T/ (um) = T/ (u)T (m), and T; ,(um) = T; (u)T; .(m).
More precisely, we have the following formulas for the actions the automorphisms T;’ o
T; . : U — U on generators (i,j €I, p € Y):

, (EZ) = —[?eiFi, T, e(E) = _Ezj%—ei, T, (Kﬂ) = Ksl(

T, : .
i,e i, ie (1)
T (E)= Y. (~UEVEEY  forj#i
r4+s=—(i,j")
T (E)= Y. (-)¢FYRFD  forj#i;
(2 5) r+s=—(i,j’)
Ti—o(Bi) = —FK_ci, Ti_(Fi)=-KaEi, T/ _(K.) =Ky
Ti—e(B)) = 1) qEPEED  for j #i;
1,—e\"] 7 ) 7=
r+s=—(i,j’)
Ti—o(F)) = 1y FOR S for j £
1,—e\" ] 7 7 J5a
r4+s=—{i,j")

As automorphisms on U and as Q(g)-linear isomorphisms on M, these T;’ . and T;e
satisfy the braid group relations ([Lu94, Theorem 39.4.3]) of type (I,-). Hence for
each w € W, both T}, ., and T, . can be defined independent of the choices of reduced
expressions of w. The following proposition can be found in [Lu94l 37.2.4].

Proposition 2.2. The following relations among T/, and T, , hold (fori € T,e = +1):

(1) whw=T, and oT, o=T ., asautomorphisms on U,

(2) T, (u)=T,_ (@) and T/ (u)=T/_.(a), forueU.

7, i,—e

We shall focus on the automorphisms T/ ,; and Ty, ,;. Hence to simplify the notation,

throughout the paper we shall often write
T;=T; ., and T,=T, .

2.3. Canonical bases. Let M(\) be the Verma module of U with highest weight
A € X and with a highest weight vector denoted by 7 or 77,. We define a lowest weight
U-module “ M (\), which has the same underlying vector space as M () but with the
action twisted by the involution w given in Proposition 211 When considering 7, as a
vector in “ M (), we shall denote it by & or £_j.

Let

Xt={AeX |\ eNViel}
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be the set of dominant integral weights. By A > 0 we shall mean that the integers
(i, \) for all 7 are sufficiently large (in particular, we have A € X ). The Verma module
M (M) associated to A € X has a unique finite-dimensional simple quotient U-module,
denoted by L(A). Similarly we define the U-module “L(\) of lowest weight —\. We
have “L(—woA) = L(A). For A € X, we let 4L(\) = 4U 5 and 4L(\) = 4UTE be
the A-submodules of L(\) and “L(\), respectively.

In [Lu90] and [Ka91], the canonical basis B of 4f is constructed. Recall that we can
identify £ with both U™ and U™. For any element b € B, when considered as an element
in U™ or UT under such identifications, we shall denote it by b~ or b™, respectively.
Subsets B()) of B are also constructed for each A € X* such that b — b7, is a
bijection from B(\) to the set of canonical basis of 4 L(\); similarly {b7¢_5 | b€ B(\)}
gives the canonical basis of “L(\). We denote by £(\) the Z[g~!]-submodule of L(\)
spanned by {b=n) | b € B(\)}. Similarly we denote by “£(A) the Z[g~!]-submodule of
“L(\) spanned by {b*¢_5 | be B(M\)}.

Recall [Lu94, §4.1] the quasi-R-matrix © = > cyy©, is defined in a suitable
completion of U~ ® UT. For any finite-dimensional U-modules M and M’, © is a
well-defined operator on M ® M’, such that

(2.6) Aw)O(mem') =0A@)(mem') and OO(Mem)=men/,
for all m e M, m' € M’, and u € U.

Lusztig developed the theory of based U-modules in [Lu94, Chapter 27]. The finite-
dimensional simple U-modules L(\) and “L(\) are both based U-modules. Given any
based U-modules M and M’, their tensor product is also a based U-module with the
bar involution ¥y = © o (¢ ® ¥). In particular, the tensor product L(\) ® L(u) =
YL(—woA) ® L(u) is a based U-module for A\, u € Xt with basis B(\, u). Elements in
B(\, i) are y-invariant and of the form

bimObynu €brm @by mu+ Y q ' ZlgT T @ by, by € B(XA), ba € B(p).
167> b1 165 <[ b2

For convenience, we shall declare that b 7y{$b; 1, = 0 whenever either by ¢ B(X) or
by & B(u), or equivalently whenever either by 7y = 0 or by 1, = 0 for (by,b2) € B x B.
For A\, ;1 € X, we denote by £, , the Z[g~']-submodule of L(\) ® L(p) spanned by
by m\ ® by ny, for all (b1,b2) € B(\) x B(u). Let Alay=A ®zlg-1 L p-
Recall [Lu94, Chapter 23] that the modified (or idempotented) form

U= P »Uw
NAeX
is naturally an associative algebra (without unit) where 1\1y» = 6y »y1x. The algebra
U admits a (U, U)-bimodule structure as well. Moreover, any weight U-module (i.e.,
a U-module with a direct sum decomposition into weight spaces, cf. [Lu94, §3.4.1])
can naturally be regarded as a U-module by [Lu94l §23.1.4]. Denote by 4U the A-
subalgebra of U generated by 4U~1,,U™ for various A € X.
For any w € W and A € X, we denote by

T = éwwo(wo)\) € L()\) = wL(_w(])‘)a
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the unique canonical basis element of weight wA. We shall use later (in Proposition [6.12])
the following slight generalization of [Lu94l 27.1.7].

Lemma 2.3. There exists a unique homomorphism of U-modules
Xt LA+ p) — L(A) @ L(p)
such that X(Nw(x+p)) = Mwr @ Ny for any (or all) w e W.

Proof. We define x : L(A+ ) — L(A\) ® L(p) to be the homomorphism of U-modules
such that x(nx1,) = 7y ®@n,. Thanks to [Lu94, 27.1.7], x is an homomorphism of based
modules. For any w € W, 7,y @7, is the unique canonical basis element in L(\)® L (1)
of weight w(\ + ), since the weight subspace (L(\) ® L(,u))w()\ 18 one-dimensional.

The uniqueness follows from the fact that 1,,(y1,) is a cyclic vector of the U-module
LA+ p). O

We collect the following results from [Lu94, Chapter 25] in Propositions 2.412.5]
below. A slight improvement here is that we can use the same y uniformly thanks to
Lemma 23]

Proposition 2.4. Let \,u € X*. The U-module homomorphism x : L(\ + u) —
L(X) ® L(t), Magp = nx @y, satisfies the following properties:

(1) Letb € B(A+u). We have x(b™natp) = Doy, 4, £(0501,02)b7 my @by 1y, summed
over by € B(N\), by € B(u), with f(b;b1,bs) € Zlg7Y. If b=n, # 0, then
f(b;1,0) =1 and f(b;1,b2) =0 for any by #b. Ifb~n, =0, then f(b;1,b2) =0
for any bs;

(2) Let b € B(~wo(A + p)). We have X(0"Ewy(rim) = 2oy iy f(0:01,02)03 Eugr ©
b Ewops sSummed over by € B(—wo)), by € B(—wopu), with f(b;by,be) € Zlg™Y].
If b7 &uon # 0, then f(b;1,0) =1 and f(b;1,b2) = 0 for any by # b. If b Epr =
0, then f(b;1,b3) =0 for any bs.

Proposition 2.5. Let ( € X and by, by € B.
(1) There exists a unique element by {eby € A[.JIC such that
b1<>Cb2(§wo>\ X 77#) = (bfiwoAObz_m)
for any A\, € Xt such that by € B(—woA), be € B(u) and woX + = C.
(2) We have b1<><b2 = b1<><b2.
(3) The set B = {b1$cba|C € X, (b1,b2) € B x B} forms a (canonical) Q(q)-basis
of U and a A-basis of 4U.

2.4. A based submodule. The following is a generalization of Kashiwara’s result in
[Ka94, Lemma 8.2.1].

Theorem 2.6. Let w € W, and u,\ € X+. For any b € B, we have
b(mwr @ 1) € B(A, 1) U{0}.

Proof. We prove by induction on k,, = ¢(wg) — ¢(w) = £(wwg). When k,, = 0, we have
w = wy, this is Lusztig’s theorem (see Proposition 2.5)).
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Assume k,, = k > 0, and let wwg = s;, 54, - - - 55, be a reduced expression. We have

N ® Ny = Ez‘(fl)E'(m) . "Ei(sk)(nwOA & 77#)’

io
for some a; > 0 (uniquely determined by A and w); moreover, we have E;, (1,)®7,) = 0.
We define
Iy=> UEN+> UFN, forNeN.
i€l i€l
Note that for z € Ly, (), 1), we have Iny(z) = 0 for N > 0. Then adapting [Ka94!
Lemma 8.2.1] to our setting, we have the following two possibilities (depending on &7, (b)
therein)

be UE;, or bEZ-(fl) cb + [.JEZ-(;“H) + Iy, for any N and some b’ € B.

If b € UE;,, we clearly have b(n,\ @ 1,) = 0. If bE™ ey + UEMTY 4 Iy, then
1 " 11 11
we have (by taking N > 0)

b(Nwx @ np) = b/Ei(;lz) T Ei(zk)(nwoA QM) = b/(nSz‘lw ® 1)

Since £(si, wwp) = k—1, the inductive assumption gives us b'(ns, »®n,) € B(, n)U{0}.
This proves the theorem. O

Let Wy, = (s; € Wi € 1s) be the Weyl group associated with a subset I, C I. Let w,
be the longest element in Wy,. For A\, u € X, we introduce the following U-submodule
of L(A) ® L(p):

(2.7) LA, 1) = U(Nwer @ ny)-
In case when I, = I, we have L'(\, ) = “L(\) ® L(p).

Corollary 2.7. Let I, CT and \,ju € X*. Then the U-submodule L*(\, i) is a based
submodule of L(\) @ L(u) with canonical basis B(\, ) N L*(\, p).

Remark 2.8. The fact that L'(\, ) is a based submodule of L(A) ® L(u) can also be
proved by observing that

L'\ 1) = (L) ® L(p)) [Z we (A + p)]
in the spirit of [Lu94, §27.1.2].

We denote by £'(\, i) the Z[g~!]-lattice of L*(\, i) spanned by B(\, i) N LY (A, p).

2.5. The parabolic subalgebra P. For any I, C I, let U, be the Q(g)-subalgebra
of U generated by F;(i € 1,), E;i(i € I,) and K;(i € I,). Let By, be the canonical
basis of f, (here fy, is simply a version of f associated to I,). Then we have natural
identifications Uj = UE: = fi,. As usual, for b € By,, we shall denote by b~ the

corresponding element in U and denote by b™ the corresponding element in Uf[:
under such identifications.

Let P = Py, be the Q(gq)-subalgebra of U generated by Ur, and U~. For A € X, we
denote by “ L*(\) the P-submodule of “L(\) generated by £_y. Clearly “L®(\) restricts
to a simple Up,-module with lowest weight —\, and “L*(\) admits a canonical basis
Br, (A) = {b € B(A)[pT§_\ # 0} = B, N B()).
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We introduce the following subalgebra of U:

P= @Ph.

reX

We further set 4P =P N 4U. .
Recall the canonical basis element by {¢by € B from Proposition

Proposition 2.9. [Ka94l, Theorem 3.2..1] The set P NB forms a Q(q)-basis of P and
an A-basis of 4P. Moreover, we have P N B = {b1$¢ba|(b1,b2) € By, x B,( € X}.

We shall denote
Bp = PN B = {b10cho|(b1,b2) € By, x B,¢ € X}
and refer to it as the canonical basis of P. It follows by construction that
].3131< = BP]‘C = {blOCbgl(bl,bg) S B]I. X B}

forms a (canonical) basis of P1¢, for ¢ € X.

Let ¢',¢ € X be such that (i,{) = (i,{') for all i € I,. We have the following
isomorphism of (left) P-modules:
(2.8) p=0pcc: Plg — Pl
such that p(1¢) = 1. The following proposition will be used later on.

Proposition 2.10. Let (', € X such that (i,{) = (i,{") for all i € I,. Then the
isomorphism p : Pl — Ply in (28] preserves the canonical bases. More precisely,
for any (b1,b2) € By, x B, we have p(b1$cba) = biderba.

Proof. Let u, A € XT be such that 4 — X = (. Let N = A+ ( — {’. Clearly by taking
A > 0, we can have ' € XT. We shall assume A > 0 and M € X below.

We have a natural isomorphism of P-modules v : “L*()) Sy L*()\), which maps
the canonical basis of “L*()\) to the canonical basis of “L*(\'). Let us consider the
induced isomorphism v ® id on the tensor product:

L) @ L) 225 ©Lo(V) @ L(p)

| |

“L(A) ® L(p) “L(N) @ L(p)

Notice that the bar involution, 1;, on “L(A\)® L(p) is defined as 1; = 0o (¥ ®1), where
©=>,enm©n ®Or. The subspace “L*(\)® L(p) is stable under the bar involution "
and clearly admits a canonical basis B(—wgX, )N (Y L*(\) @ L(p)). Similarly “L*(\)®
L(p) admits a canonical basis B(—wo\, 1) N (YL*(N) @ L(u)).

The actions of ¢ on “L*(\) ® L(y) and “L*(N) ® L() are given by the composition
(> e O ® ©)f) o (¥ ® ). Note that v ® id intertwines the actions of 1) ® ¢ on
“L*(A\) ® L(p) and “L*(N') ® L(p). The map v ® id also commutes with the operator
ZMEN[H.} 0, ®0}, since we have @ff € P for u € N[I,]. Hence the map y®id intertwines

with the bar involutions ¢ on “L*(\) ® L(y) and “L*(X) ® L(p). It follows by the
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uniqueness of canonical basis that v ® id maps the canonical basis on “L®*(\) ® L(u) to
the canonical basis on “L®(\) @ L(u).

The construction above works for all A\, u > 0 with 4 — A = (, and hence the
proposition follows from Lusztig’s construction of canonical basis on U in [Lu94, The-
orem 25.2.1] as well as Proposition n

3. QUANTUM SYMMETRIC PAIRS: DEFINITIONS AND FIRST PROPERTIES

In this section we formulate quantum symmetric pairs (U, U") over Q(¢q) and a
modified form of the algebra U*. The quantum symmetric pairs of finite type are
constructed in terms of Satake diagrams, which specify a subset I, C I of black nodes
and a diagram involution. We introduce admissible subdiagrams of Satake diagrams
(of real rank one) and the corresponding Levi subalgebras of U’ (of real rank one). We
formulate a connection between U* and the parabolic subalgebra of U associated to I,.

3.1. The root datum. Let (Y, X, (-,-),---) be a root datum of type (L,-). We call
a permutation 7 of the set I an involution of the Cartan datum (I,-) if 72 = id and
7(i)-7(j) =i-j for i, j € I. Note we allow 7 = 1. We further assume that 7 extends to
an involution on X and an involution on Y, respectively, such that the perfect bilinear
pairing is invariant under the involution 7. Such involutions 7 on X and Y exist and
are unique for the simply connected or adjoint simple root datum.

For a subset I, C I, let Wy, be the parabolic subgroup of W generated by simple
reflections s; with i € I,. Let we be the longest element in Wy,. Let R} denote the set
of coroots associated to the simple coroots I, < Y, and let R, denote the set of roots
associated to the simple roots I, < X. Let p! be the half sum of all positive coroots
in the set RY, and let p, be the half sum of all positive coroots in the set R,. We shall
write

(3.1) I, = I\L,.
We recall the following definition of an admissible pair (I,,7) (cf. [Koldl Defini-
tion 2.3]).

Definition 3.1. A pair (I, 7) consisting of a subset I, C I and an involution 7 of the
Cartan datum (I, ) is called admissible if the following conditions are satisfied:

(1) 7(I) = Lo;
(2) The action of 7 on I, coincides with the action of —ws;
(3) If j € I, and 7(j) = 4, then (p{,7') € Z.

Note that
(3.2) 0= —weoT

is an involution of X, as well as an involution of Y, thanks to 7 o we o 7 = w,. (Note
our convention on € in [BW13] differs by a sign from here.)
We introduce

X, = X/X, where X ={A—0()\)|\e X},

(3.3)
V' ={peY|0(u) = pu}.
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We shall call X, the ¢-weight lattice (even though X, is not always a lattice),_and call
Y the 2-root lattice, respectively. For any A € X denote its image in X, by A. There
is a well-defined bilinear pairing (denoted by (-, ) again, by abuse of notations)

()Y x X, — Z
defined by {(u, A) := (u, \), where A\ € X is any preimage of A and p € Y.

3.2. Satake subdiagrams of real rank one. According to Kolb [Kol4], the admissi-
ble pairs of finite type (excluding the trivial case when I = I,) are in bijection with the
Satake diagrams [Ar62] arising from classification of real simple Lie algebras. (Beware
that there is a hidden involution on the black dots when the number of black nodes is
odd for type DI/DII.) These Satake diagrams, consist of black and white nodes with
arrows; the set of black nodes corresponds to I, and the involution 7 is expressed in
terms of 2-sided arrows on white nodes. We reproduce from loc. cit. the Satake dia-
grams in Table [] at the end of this paper for the reader’s convenience. For the rest of
this section, we consider root data (Y, X, (-,-),...) of finite type (I, ) and an admissible
pair (I,,7). The number of 7-orbits of white nodes in a Satake diagram is called its
real rank.

Definition 3.2. Let D be a Satake diagram with a set I, of white nodes. Given a (7)-
orbit o of white nodes in D, the removal of all white nodes in I,\o and their adjacent
edges in D produces a diagram D,. The connected subdiagram of Dy containing o is
call a subdiagram of real rank one (associated to o).

By definition, subdiagrams of real rank one of a Satake diagram D are parametrized
by the (7)-orbits of white nodes of D.

TN
Example 3.3. The Satake diagram of type EI1I1T °*°*T*°*O has 2 subdiagrams of

@)

real rank one: o“e—e e of type AIIl, and T of type DI.

By inspection, there are eight types of local configurations of Satake diagrams of real
rank one as listed in Table [l Note there are no black nodes and the two white nodes
are connected in the type AIV for n = 2, and so it differs from type AIlly;.

In Table 2] (where SP stands for symmetric pairs), for each Satake diagram we list
the possible Satake subdiargrams of real rank one in the sense of Definition For
several crucial arguments in this paper we shall reduce to the types of real rank one
and do case-by-case analysis.

In analogy with subdiagrams of real rank one, we call a single black node of a Satake
diagram a subdiagram of compact rank one.

Definition 3.4. An admissible subdiagram of a Satake diagram D is a full subdiagram
whose vertex set is the union of subdiagrams of compact rank one and subdiagrams of
real rank one of D.

(Hence there are two kinds of minimal admissible subdiagrams of a Satake diagram:
(i) subdiagrams of real rank one, and (ii) subdiagrams of compact rank one.)
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TABLE 1. Satake diagrams of symmetric pairs of real rank one

o e—0—e
AL 1 Allj 1 2 3
R Y
Alll; o o AIV, n>2 oO—e—---- —e—0
1 2 1 2 n
o e — ——__ —e—e S R
BILn>2 | | o o CIIL, n>3 ; ;% =0
n-1
/.
DII, n>4 O—&—---—o e—e—>0—0
= 1 2 e FII 12 34
n
TABLE 2. Subdiagrams of real rank one in Satake diagrams
SP Type Al Al ATl AIV BI BII
Local ALy Allj ATy, Alllyq, AIV | AIV | AlL, BII BII
SP Type CI CII DI DII DIII EI
Local ALy Allg, BII , CIT | Aly, Alllyq, DIT | DIT | Al Alls ALy
SP Type EII EIIT EIV EV EVI EVII
Local AIl, AIIIH AIl, AIV DII AIl AIl, AIIg AIl, DII
SP Type EVIII EIX FI FII G
Local ALy Aly, DII ALy FII ALy

3.3. The 1quantum group U’ over Q(q). The permutation 7 of I induces an iso-
morphism of U, denoted also by 7, which sends E; — E;, F; — Fr;, and K, — K.
Let

0:=Ty,0Tow

be an automorphism of U. (As it will not cause confusion, here we abuse notation to
use the same 6 as in (B3.2]), which is actually a shadow of the current involution on the
(co)weight level.)

Definition 3.5. The algebra U*, with parameters

G € j:qZ7 R € Z[qaq_1]7

(3.4) for ¢ € I,

is the Q(gq)-subalgebra of U generated by the following elements:

Fi+ GTw, (Br) K7 + K7 (i € L),
K,(pneY"), F(iel), E@Gel,).
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The parameters are required to satisfy Conditions (B.5)-(B.8]):

k; =0 unless 7(i) = i, (i, j') = 0 Vj € L,

3.5
(3:5) and (k,i') € 2Z Vk = 7(k) € L, such that (k,j') =0 for all j € Is;

(36) Ri = Kj;
Gi = if i-0(i) = 0;
(3.8) G 6ri = (_1)<2PY,i'>qf<i,2p.+w.7i’)

(2

By definition, U* contains Uy, as a subalgebra. We have
A: U —URU,

that is, U is a (right) coideal subalgebra of U. The pair (U, U") is called a quantum
symmetric pair, as its ¢ — 1 limit is the classical symmetric pair (cf. [Ar62, [OV] and
references therein). The algebra U* on its own will be also referred to as the 1quantum
group.

Remark 3.6. The foundation of quantum symmetric pairs was established by G. Letzter
[Le02, Le03] and Kolb [Kol4] (also see [BK15]). We refer to these papers and the ref-
erences therein for more original motivations and historical remarks. In the literature,
the 2quantum group U* was defined over some field K(q%) withd > 1and afield K D Q
containing some roots of 1 of characteristic zero (see [BK15, Remark 2.3]). To develop
a theory of canonical basis, it is natural to formulate the algebra U* over the field Q(q)
as we did in [BW13]; this is made possible by [BK15, Remark 5.2 and its preceding
paragraph, §5.4].

Remark 3.7. The precise relations between constraints for parameters for U* in this
paper and in [BK15|] are as follows. Our notations correspond to those in [BK15l §5]
in the following way: k; <> s, §; > —¢;$(7(7)). Our Condition (B3] is [BK15, (5.7)],
Condition (B.6)) is [BK15, (5.15)], and Condition (B.1) is [BK15, (5.6)] where we use
[BK15, (5.2)]. In particular, our formulation does not use their parameters c;, s(7(7))
separately.

Condition ([B.8) (in the presence of (3.4])) implies (but is inequivalent to) [BK15,
(5.16)], if we take into account [BK15l (5.1)-(5.2), Remark 5.2]. More precisely, our
condition follows from theirs by imposing the additional condition that their ¢; (or our
Gi) is a monomial in ¢ and hence ¢ = ¢; !, Our stronger Condition (3] is needed
for the integral form of U’ and the validity of Proposition below (Remark [.T).
Lemma below computes the values of the parameters ¢; for i € I, satisfying (3.4)

and B17)-B3).

We shall write

(3.9)

B — F; + 6Ty, (En')f(i_l + /*iif(i_l if 1 € Io;
! F, if i € I,.
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As can be found in [Kol4l (7.3)], it follows by Definition that, for i € I, and
Jel
Ki— K,
G —aq;
Remark 3.8. A presentation of the algebra U* with generators B;(i € I), K, (u € Y?)
and E; (i € I,) has been obtained in [Le02) Kol4] (see [BK15al, Section 3.2]).

Let U™ be the subalgebra of U? generated by B, for i € I. Let U be the subalgebra
of U* generated by K, (1 € Y*). Let U'T be the subalgebra of U* generated by E; for
1 € L.

(3.10) E;Bj — BjE; = 0;

Remark 3.9. The following multiplication map is only surjective, but not an isomor-
phism:

m: U~ oUe Ut — U
(Note that Ut = UE: .) Tt is possible to replace U*™ by certain subspace of U™, such
that the above map becomes an isomorphism following [Kol4, Proposition 6.1&6.2].

We call a U’-module M a weight U*-module, if M admits a direct sum decomposition
M = @y ex, M) such that, for any p € Y*, A € X;, m € M), we have K, m = ¢‘eAm.
We shall only consider weight U’-modules in this paper.

3.4. Parameters. By Remark B.7] our parameters satisfy stronger constraints than
those in [BK15], and in next lemma we ensure the existence of solutions of ¢; € +¢”
(1 € I,) which satisfy Conditions [B.7)-(3.8). As these conditions are local, it suffices
to consider the Satake (sub)diagrams of real rank one in Table Bl

Lemma 3.10. The values of g; for quantum symmetric pairs of real rank one are given
in Table[3

TABLE 3. Values of ¢; (i € I;) for quantum symmetric pairs of real rank one

AL | Al | Allly, | AIV, n>2 | BIL n> 2 | CII n>8 | DIL n>4 | FII
¢, | ¢ | BI0) B12) Y +q" T +7" 2 | £4°

Proof. We shall compute (—1)<2p¥’i> q (B:2patwerd) 3y ([B:8]) case by case following Table[Il
and the labeling therein. For ¢ € I, we sometimes use the notation «; (instead of ')
for the corresponding element in I C X and use the notation ) (instead of i) for the
corresponding element in I C Y.

(AI;) We have (—1)<2p¥’i>qi_<l’2p'+w'ﬂ> = ¢ 2. Then we can clearly take ¢; = 4¢; '
(All3) We have p) = 1Y + 1a¥, pe = 21 + 13 and wet(a2) = a1 + a2 + as.
Therefore we have (2pY,as) = —2 and —(ay,2pe + weTaz) = 2. Hence (B.8)
becomes ¢5 = g5 and we can take ¢ = +¢ (by noting g2 = q).
(AIlTy;) Note 7(c1) = a9, 1 = q. Condition ([B7) applies in this case and gives us
¢1 = 2. Also it follows by (B.8]) that ¢jo = 1. Hence

(311) ¢1 — G2 = +1.
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(AIV) Note 7(a1) = an, 1 = q. We have (2pY,01) = (ay,2ps) = 2 — n, and
(o, wear,) = —1. Condition ([B.7)) does not apply. It follows by (B8] that
160 = (—1)"¢" 1. Hence we can choose

(3.12) = (1% ¢ =(=1)""%""t  forany a,be Z.
(BII) Let n > 2. We have

S @n-i)i-1) , nn-1)
Z( )(i—1) (n—1)

=2
n—1 . .
2n—1—1)(1 —1 n—1)>2
Peo = ( 9 ) )az+( 5 ) Qn,

[|
¥

i
weT (1) = a1 + 202 + - -+ + 201 + 20y,
Therefore we have (2pY, 1) = —(2n — 2), —(a},2pe + weTr1) = 2n — 3, and
(B8) becomes ¢ = ¢i" 2. Since q; = ¢, we can take ¢; = +¢%" 5.
(CII) Let n > 3. We have

n—

1 . .
pyzlaYJrz(?n—l—?)(l—?) v, (=27
1=3

2 2 i 5w
1 o —i—1)(i—2 n—1)(n—2
p.=§a1+;( 2)( )az~+( L( )an,,

weT(2) = a1 + g + 2a3 + -+ + 20,1 + 20y,

Therefore we have (2p), as) = —2n + 4 and — (), 2pe + WeTa2) = 2n — 2. So
([B-8) becomes 2 = q%"_z = ¢*" 2, and we can take ¢ = +¢" L.
(DII) Let n > 4. We have

-1 -2 -1 -1
p:/:(n—2)a\2/++%ax_2+n(n4 )a¥_1+n(n4 )aX7

n—1)(n-—2 n(n—1 n(n—1
p.:(n—2)a2+---+%an_2+7( 1 )an_1+7( 1 )Oén7

weT (1) = a1 + 202 + - 209 + 1 + Q.

Therefore we have (2p), 1) = —(n — 2) and —(, 2pe + weTa1) = 2n — 4. So
([B:8) becomes ¢ = ¢4 and we can take ¢ = £¢" 2.
(FII) We have

pd = 3ai + 5ay + 3ay,

o« = —QU « —ag,
p 5N 2T 5%

weT(g) = a1 + 202 + 33 + auy.

Therefore we have (2p),a4) = —6 and —(a,2pe + weTar1) = 10. So (B.)
becomes 7 = qi = ¢'°, and we can take ¢; = 4¢°.

This finishes the proof. O
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Remark 3.11. For U" of finite type associated to the Satake diagrams in Table 4], we
have k; = 0 (i € I,) except in four cases (cf. [Le03]): (1) type AIII with I, = () and
with ¢ being the middle node fixed by 7 (we regard Al; as a special case here); (2) type
CI with i being the long simple root; (3) type DIII of even rank (7 = id) with i being
the rightmost white node; (4) type EVII with ¢ being the leftmost node.

Remark 3.12. Lemma B.10 also follows from [BK15al Remark 3.14], though they do
not provide the precise values as in Table[l Their approach has the advantage of being
applicable in Kac-Moody case (under the assumption “v; =1 for all i € 1,”).

3.5. Levi subalgebras. Note an admissible subdiagram of a Satake diagram (see Def-
inition B.4)) is a Satake diagram itself. We sometimes denote the quantum symmetric
pair (U, U") associated to a Satake diagram D with a root datum I by (Uy, U}). Let
A be an admissible subdiagram (with root datum J) of the Satake diagram D. Then
we have a quantum symmetric pair (Uy, Uj).

Lemma 3.13. The coideal subalgebra Uy of Uy (whose parameter set is the restriction
from the parameter set of U) is naturally a subalgebra of U".

Proof. Let us use notation wi to indicate we are talking about the algebra U} associated
to the root datum J. Let 7 € I, N J. Recall from (B:QI) that B; = F; + Ty, (Eﬂ-)f{i_1 +

/{JN( i Lin U’, and B; = F; + GT, (ETZ)K + /K, in Uj. A simple key observation
here is that Ty, (FEr;) = T ;(E£r), which is a dlrect consequence of the definitions of

subdiagrams of real rank one and admissible subdiagrams. The lemma follows. O
In light of Lemma B.13] we make the following definition.

Definition 3.14. A subalgebra of U* of the form Uj associated to some admissible
subdiagram of D is called a Levi subalgebra. (Some readers might prefer to call the
subalgebra Uj]UZO C U" a Levi subalgebra of U".) Associated to a subdiagram of D
of real (respectively, compact) rank one, Uj is called a Levi subalgebra of U* of real
(respectively, compact) rank one.

A Levi subalgebra of U’ of compact rank one is very simple as it is always isomorphic
to Ug(sl); it is a basic building block here as for quantum groups. Levi subalgebras of
U’ of real rank one, or :quantum groups of real rank one, are new (rich and sophisti-
cated) basic building blocks for the theory of quantum symmetric pairs.

3.6. The bar involution. The following (or rather its variant on the modified :quantum
group below) plays a fundamental role in the theory of +-canonical basis.

Lemma 3.15. [BK15a| There is a unique anti-linear bar involution of the Q-algebra
U*, denoted by~ or 1,, such that

D) =q7", G(B)=Bi(€l), v(E)=Ei(i€k), (K)=K,(ueY").

Proof. A complete proof for Lemma was presented in [BK15a] over K(qé) for
certain field K containing roots of 1, where they determined the precise constraints on
the parameters. Now the existence of the bar involution of the Q(g)-algebra U* follows
from our further restrictions on the parameters in Definition and Lemma B.10. O
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Remark 3.16. The bar involution for U’ in the special case of type AIII/AIV (with
I, = () was proved in [BW13] and [ES13| independently. The existence of the bar
involutions on a general quantum group U’ was stated in [BW13| §0.5] and verified
by the authors for numerous examples, as it is a prerequisite for the theory of the
rcanonical bases announced therein.

3.7. The modified quantum group. Following the by now standard construction
in quantum groups [Lu94, IV], we can define a modified version of the :quantum groups
(this was first considered in [BKLW] in a special case of type AIII/AIV). Let N, \ € X,

we set
A/UZ)\N:UZ/<Z(K —q“’ U-Z—I-Z:.UZ “’)‘N>)>.
peY™ peY™
Let my v : U — U’y be the canonical projection. Write 1y = my y(1). Let

I.J-Z = @ Y UZ)\H .

NNEX,
Then U is naturally an associative algebra (without unit). The algebra U* admits a
(U*, U")-bimodule structure as well. Moreover, any weight (left/right) U’-module can
naturally be regarded as a (left/right) U’-module. In particular, the modified algebra
Uis a (U*, U")-bimodule, where the bimodule structure is induced by the natural
embedding z : U’ — U and the quotient map X — X,. For any 1, € U and u € U* (or
U"), we shall denote by uly € U the action of u on 1,. The first part of the following
proposition follows from (B.I0) , and the second part follows from Lemma

Proposition 3.17. The following identities hold:
=Ppuuvti=FHuLUu=Hutui.
cex, CeX, CEX,
There is a bar involution v, on the Q-algebra U* such that ¥,(q) = ¢! and
Uu(Bile) = Bile (i € 1), ¥ (Eile) = Eilc (i € L), (1) = 1¢ (€ € X,).

Remark 3.18. It is possible to consider U as a subalgebra of a certain completion of
U. But since we only consider weight U-modules (i.e., unital modules in the sense of
[Lu94l §23.1.4]) as U-modules, we prefer to regard U as a (U*, U*)-module.

Definition 3.19. We define 4U" to be the set of elements u € I'J'Z such that u-m € 4U
for all m € 4U. Then 4U" is clearly a A-subalgebra of U Wthh contains all the
idempotents 1; (¢ € X,), and 4U* = Deex, AU,

Later we shall show that 4U" is a free A-module such that U* & Q(q) ®4 AU see

Theorem [6.17)(3).

Lemma 3.20. Let u € U'. Then we have u € 4 U if and only if u- 1y € 4U for each
reX.

Proof. If remains to prove the “jf” direction. Take m € 1,( Aﬁ), for some A € X. By
assumption, we have u -1y € 4U. Thus we have u-m = u- (1ym) = (u-1))m € 4U,
and so by definition, u € 4U". O
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Corollary 3.21. Let u € U'. Then we have u € 4U" if and only if u(4aL(\)) C aL()\)
forallxe X+,

3.8. Relation with a parabolic subalgebra. Let w = s;, ---s; be a reduced ex-
pression of an element w € W. Then the following elements (for various ¢;; € N)

(3.13) gl

21

form a Q(q)-basis of a subspace Ut (w) of Ut and an A-basis of an A-submodule
AUt (w) of 4UT. The sets UT(w) and 4UT(w) depend only on w but not on the
choices of reduced expressions of w; our subspace U™ (w) here is denoted by U™ (w, 1)
in [Lu94] 40.2]. In particular, we have Ut (wg) = UT and 4 U™ (wg) = 4UT.

Let w® = wow.. We can identify P with the quotient as Q(q)-spaces

P = U7 /UU(w')-

T () Ty, (B

-1 1

where Ut (w*)s = @ enm (03 Ut (w®),; Note U/UUT (w*)s = U/(Zm)\eX Url,),
where the sum is taken over all homogeneous z € Ut whose weights are of the form
|| = > ey @it with a; # 0 for some i € I,. Thus we can define a left U action, which
induces a left U* action on P. For A € X , denote by p, = p, » the composition map

(3.14) U'ly — U1, — U1,/UU"(v*)-1, — P1,.

Lemma 3.22. Let A € X. The map p, = p, » : Ullx — P1,, is an isomorphism of left
U'-modules. Moreover p, maps 4U'1l5 injectively to 4P1.

Later in Corollary [6.20 we shall see that p, : LU 15— 4P1, is an isomorphism.

Proof. It is clear by definition that p, is a homomorphism of U-modules and that p,
maps LU 15 to 4P1, through the composmon LU 1y — 4U1, — 4P1,.

It remains to show that p, : U’l — P1, is both surjective and injective. Let us
first prove the surjectivity. We know that P1, is spanned by elements of the form
F{UFR? - Fe b1, with b € By,. We shall proceed by induction on the sum a = a;
to prove that ‘all such elements are in the i image of p,. The base case a = 0 follows from
the fact that U = Uj . To show any F/1F2 ... F*bT1, is in the image of p,, we

. 1 12 s
consider
(3.15) p(B B2 - Bi*b¥1y) = FUF22 -+ F*b"1, + lower terms.
Now by definition ([3.9]), we see that the “lower terms” are linear combinations of ele-
ments of the form Fj,' F},? -+ - F;S' b1y, where > a} < a and b’ € By,. The surjectivity
1 2 s/
follows by induction.
Now we prove the injectivity of p,. Recall the following multiplication maps
U U eU" — U and U @U) @Uj — P.

We can find a subset of § C U (I" such that the set M = {F;, F}, - - - |(i1,42,...) € J}
form Q(g)-bases of U™. Let M" = {B;, Bi, ---|(i1,i2,...) € J} in U'". Thanks to
[Kol4l, Propositions 6.1, 6.2], the set {yb*1y{ly € M*, b € By} forms a Q(g)-basis
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of U'ly. Moreover by examining the leading terms as in ([B3.15]), we see that the set
{p(ybT1x)ly € M*,b € By, } forms a Q(q)-basis of P1y, whence the injectivity of p,. [

Remark 3.23. There are further intimate connections between the parabolic subalge-
bra P and the algebra U’. Lemma below is another such example. Moreover, the
1-canonical basis for U1y is parametrized by the canonical basis for P1y (see Theo-

rem [6.17)).

4. SYMMETRIES OF QUANTUM SYMMETRIC PAIRS

In this section, we show that Lusztig’s braid group operators T, , and T/, for i € L,

restrict to automorphisms of U’, and the anti-involution g on U restricts to an anti-
involution of U*. We then prove that the intertwiner T is fixed by the actions of T},

and T/,, for i € I,, and this further implies that T, € Ut (wswp). We formulate

i,e’
an U’-module isomorphism T of any finite-dimensional U-module over Q(q), following
[BK15] and generalizing [BW13].

4.1. Braid group actions on U". Recall we have —w, o 7 = id as permutations of
the set I,. Recall the braid operators T; and T,, (for i € I, w € W) on the algebra U.

Lemma 4.1. We have
Ti Ty, = Tw.Tri, Vi€ L.
In particular 7120. commutes with T; for any i € l,.
Proof. Since sjwe = weSr; € W4 has length £(we)—1, we have T;Ts, e = Twe = Tswe Tris
for all ¢ € I,. Hence T;Ty, = T;Ts;we Tri = Tw,Tri- Also we have
T;T%, = T TriTw, = T2, Tr2; = T2, T;.
The lemma, is proved. O

Let us record the following formulas for future use (cf. [Kold, Lemma 3.4] [BW13]
Lemma 1.4]): for any i € I,, recalling Definition B1}(2), we have

We

wAB) = —K_iF, ToHF) = -E Ky,
we(Bi) = —FriK,i, Ty (F) = —K_r By

T
(4.1)
T

Theorem below confirms the conjecture in [KP11] on the existence of a braid group
action on U" associated to Wi, .

Theorem 4.2. For any i € Lo and e = %1, the braid group operators T;, and T/,
restrict to isomorphisms of U'. More explicitly, we have, for j # i,
T;,G(B]) = Z (_1)Tq;6TBZ(8)B]B£T)’
T+8:_<i7jl>
T_(B)= Y (-1q B B;BY.

i,—e
T+8:_<i7jl>
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Proof. Let i € I,. We shall only prove the theorem for T; = T/ ,, as the other cases
are proved by similar computations.

Since s; preserves Y in (3.3)), T; preserves the subalgebras U, and U™ of U’. Then
it remains to check the action of T; on the generators Bj; for j € I,. Recall B; =
Fj + Tw (B K7 + sy K71 If (i, §') = (ri,7j') = 0, we have T;(B;) = Bj; by
Lemma [l In particular, if £; # 0 (and hence (i,j') = 0 Vi € L,), then T;(B;) = B;,
Vi € I,.

It remains to consider the case where ¢ € I, j € I, such that (i,7) # 0. Recall by

[23) that

T(F) = > (U GFUREY, TuEy) = Y (—1) e EYELED.
r+s=—(1,5") r+s=—(i,j’)

We shall also use the identity

(FK)* =q; VRS,
By Lemma 1] and (4.1]), we have

Ti(Bj) = Ti(F}) + & Tws Tri (Brj) Ti(K; )

= Y (VGFVREY v gTe, Y. (-1 TEYESED 1K
r4+s=—(i,j') r+s=—(i,5')
= Y UGEVRFYt
r4+s=—(i,j")
r+s=—(1,j")
= Y (UgEVRFY+
T+s:_<i7j/>
G Y (CUPeT(EK) YTy (By) (FK) D - Ti(K; )
’r‘—‘,—S:—(i,j’)
= 3 (V)gEVRFY+
r4+s=—(i,j")
S D G Vi D (AL T O
’r‘—‘,—S:—(i,j/)
= Y (V)gEDRES+
T+s:_<i7j/>
S Z (—1)Sq._T+(T_1)<i’j,>F~(S)Tw. (ETJ)F;(T) X K-_l

i i j
THs=— (7'7]/>
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= Y (VEFIRFY v Y (F)¢F T (B K E
r+s=—(i,5) r+s=—(i,j’)

= 3> (-)gF"B;FY
T+8:_<i7j/>

= Y (-1¢B"B;BY e U
T+8:_<i7jl>

The theorem follows. g
Corollary 4.3. For any u € U*, e = £1, and ¢ € I, we have
U(Tie(w) = T; _e(¢n(u)).

Proof. As v, and T;’ . are algebra isomorphisms, it suffices to check the identity for

u being generators of U. For generators in Uy, or in U, this follows from [Lu94,
§37.2.4]. For u = B; with i € I, the identity follows from the formulas in Theorem
and that 1,(B;) = B; from Lemma 315 O

4.2. Anti-involution p on U'. We study the restriction to U* of the anti-involution
o : U — U in Proposition 2.1

Lemma 4.4. For alli,j € 1, the following identities hold on U:

(_qi)e<i7j/> T;',—e(p(Ej))7
(=)~ T _o(p(Ey))-

o(Ti (Ej))
p( T;',e (E] ))
Proof. We shall prove the first identity only, as the second one is similar. When (i, ) =

0, the first identity is trivial.
For ¢ = j, we have

o(T] (Ei)) = p(—FiKei) = —¢ 'K EK_; = —qi_He(i’il)Eif(eif(_i.
On the other hand, we have

T/

i,—e

(p(E:)) =T, _ (¢ ' FiK;) = —¢; "B Ko K.

Hence the first identity for ¢ = j holds.
For i # j with (i,5") # 0, we have

o BN =o( > (~17q B BE)
T+8:_<i7jl>
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= Y (V¢ (g FE) " (g FiK) (g FiK)

T+s:_<i7j/>

_ Z (_1)rqi—erqj—lin(T)F}F;(s)jz'i—@J >j€j
r+s=—(i,j’)

r4+s=—(i,j")

=g (-a) ™ Y (e EEBEIT(E)).

T+8:_<i7jl>
On the other hand, we have
T o (9(Ey) = T} _(¢; ' FE;)
=" Y (U EVEEITI(E)).
T+s:_<i7jl>
This completes the proof of the first identity and the lemma. O

Corollary 4.5. Fori €1, and e = 1, we have
\VaY) '72 .
o(Th, (B) = (—1)@re1gf0200 gt (o(E)),
V iy —e(i,2pe
P( T o(Bi)) = (~) 2500200 10 (o( ).
Proof. We shall only prove the first identity, as the proof of the second one is similar.
Let we = si;8i, -+ s; be a reduced expression of w,. Write wy = s, 84, -+ s; for
1 < k <. Note that Ty, (E;) € Ut. Thus applying Lemma 7] repeatedly, we have

we,e\¥i)) = \ 743y . ! — iy ' ) —4;, 07 we,—e \F\LY)
(T, (Ei)) = (=i, ) 20D (= g, )23l o (g )00, (0(E))
S1G1),4 e{wy 1 (iz),i! e(iy,i’
= (—q;, )2 () (g, yebws (i2), >...(__qn) (i, >T;u,—e(p(ﬁ%))
‘ vi 67:7 id
& (—n)@eig i (0(E))),

where the identity # follows from the fact that {w;rll (a;)|1 < @ < 1} consists of all
positive roots in Y, and the equality
l .

%%, 1 ,.\ . 17,
(4.2) > T(wkjl(zk),zf> = 5 (i,2ps)-
k=1
The equation ([£2]) can be verified as follows:
. Lo
U " U, 1 . U " U . .
> T(wkil(zk)72'> = 5 (i, wry1(i))
k=1 k=1
! o <
= > ik wppa(i) = Zw@h(zk) ?
k=1 k=1
L i
= 7<Zywki1(lk)> = 7(172/?-%
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where the identity © follows from the W-invariance of the bilinear pairing - : Z[I] x
Z[l) — Z. O
Recall from Lemma BI0 that ¢; = +¢; ! in type Al;, and by Remark BIT] this is

the only local rank one case which allows the parameter k1 # 0.

Proposition 4.6. Assume that g; = qi_1 if k; # 0. The anti-involution @ on U restricts
to an anti-involution o on U* such that

(4.3) o(E) =q ' FK;, oF)=q¢ 'EK ", @K, =K, Viecl;
(4.4)  o(By) = ¢ ' TN Br) - KyoriK; Y, Vi€ L.
Proof. Equation (43)) follows from the formula for p on U in Proposition 211
Let us prove (d4]). Recall B; = F; +§iTw,(E”~)KZ-_1 +r; K ! for i € I,. Note gr; = ;.

i
Then since p is an anti-isomorphism on U, applying Propsition 2.I[(2), Corollary
and then (B.8)), we have

(4.5)

p(B;) = q,'_lEiK,'_l + CiKi_lp(Tw. (Eri)) + ’{iKz'_l
=q; 't <§TiEi + %w%ffflp(Tw.(Eﬂ))Ei + Qigﬂ"fi) f(i_l

_ _ ~_ -/ 1.2 o _ _ oyt iy >

=q; '} <§n'Ei + qisrisi K (= 1) 200 g 20 AT B ) K i K+ Qig'ri/fi) K!
= qi_lg;il <§n'Ez‘ + T;,I(Fn')f(w.n' + q@'Cn'/fi) f(i_l-

On the other hand, we have

Tl (Br) = Tk (Fri o 6riTun (B R+ mn )

o = <<ﬂ-E,~ + Ty (Fri) Kupari + nﬂ-) K1

WeTl"

Recall the assumption that ¢; = ¢;° Lif k; # 0, and note that 7i = i if k; # 0. The
formula ([4.4) follows now by a comparison of (A.35])—(4.0]).
Note Ky, K; ' = 0(K;)"'K; ' € U". It now follows by Theorem 2 that
o(Bi) = ¢ G o (Br) - Kyori K H € U
Hence p maps every generator of U’ to elements in U, and so it is an anti-involution
on U O

Remark 4.7. A more careful analysis of the proof of Proposition shows that the
anti-involution g : U — U restricts to an anti-involution on U”® if and only if the

following conditions (4.7)-(4.8]) hold:
(4.7) G =gq; ! (if k; #£0),
(45) oTun (1) = a; T (0(BY), - Vi€ L.

Together with Corollary .5, we see that the anti-involution p on U’ requires Con-
dition (3.8]) for the parameters ¢; (i € I,) and the additional stronger assumption in
Proposition
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For the remainder of the paper, we shall assume that on top of Conditions (3.5])-(3.8)
on the parameters the additional Condition [{.7 holds.

4.3. The intertwiner. Let U be the completion of the Q(g)-vector space U with
respect to the descending sequence of subspaces U_UO(th(p)Z N U;’), for N > 1.

Then we have the obvious embedding of U into U. We let UT be the closure of Ut
in f], and so Ut C U. By continuity the Q(g)-algebra structure on U extends to a
Q(q)-algebra structure on U. The bar involution 1) on U extends by continuity to an
anti-linear involution v on U.

Note the inclusion map U* — U is not compatible with the two bar maps on U’
and U. Recall the -weight lattice X, from (B3)). The following theorem, which has
appeared in the literature recently, is one key ingredient for the current work.

Theorem 4.8. (¢f. [BK15L Theorem 6.10]) There exists a unique family of elements

T, € U:{, such that To=1 and T = Zu T, satisfies the following identity (in fj)

(4.9) U, (u) Y = TY(u), for all uw € U".
Moreover, Y, = 0 unless W=—-peX.

Remark 4.9. This theorem was first formulated and established in the special case of
type AIII/AIV (with I, = ) in [BW13 Theorem 2.10], generalizing Lusztig’s quasi-
R-matrix; note that Y therein lies in a completion of U~ (not UT) due to a different
convention on the comultiplication A. The theorem in general was expected by the
authors as one of the main building blocks in a program of :-canonical bases arising
from general quantum symmetric pairs announced in [BWI13, §0.5], since it leads to
a new bar involution 1, on based U-modules (see Proposition [.l); we verified the
theorem in the cases when I, = (). In the meantime, this theorem has appeared with a
complete proof in full generality in Balagovi¢ and Kolb [BKI15| (where T was denoted
by X and called a quasi-K-matrix).

Remark 4.10. It is instructive to view the following familiar cases as two extreme cases
of quantum symmetric pairs.
(1) When I = I, (and recall 7 = —w, on I,), we have U* = Uy, = U, the usual
Drinfeld-Jimbo quantum group. In this case, the intertwiner T is the identity.
(2) Consider the algebra imbedding ¢ = (w® 1)o A : U — U ® U. One checks
that ¢(U) is a coideal subalgebra of U ® U, and hence we have a quantum
symmetric pair of diagonal type (U ® U, U). Then the intertwiner in this case
is Lusztig’s quasi-R-matrix twisted by w ® 1. Hence, Lustig’s construction of
the bar involution and the canonical basis on the tensor product modules fits
well with our general construction.

Since ¥, (u) = ¥(u), for u € Uy,, the identity (4.9) implies that
(4.10) uY = Yu, for u € Uy,.

The following corollary is the same as for [BW13| Corollary 2.13|, which follows by
the uniqueness of Y.

Corollary 4.11. We have (Y) = T1.
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4.4. Properties of the intertwiner. We now establish several new properties of the
intertwiner Y in connection with braid group action on U*. They will be used later on
to establish the integrality of Y.
Lemma 4.12. For u € N[I],i € I, and e = +1, we have

(1) Ti(Tu) = ir(Tu) = 0;

(2) T;/,e(ﬁr#) € U+ and T;,e(ﬁr#) € U+'
Proof. Note by Equation (4I0) and by [Lu94, 3.1.6] that, for i € I,

—FiTu - TME = 07
IN{—Z’ ir(Tp) — Ti(Tu)ki
a—q" .

Hence it follows that r;(Y,) = i(Y,) = 0. Therefore we have T/ (Y,) € U and
T; 1(Y,) € UT by [Lu94, Proposition 38.1.6]. On the other hand, since Y, is homo-
geneous, we have T} (T ,) = (—qi)e“’“)T;’e(T“). The lemma follows. O

—FiTu - TME =

The symmetries T; , and T;, extend by continuity to symmetries of U.
Proposition 4.13. We have T/ (Y) =Y and T, () =Y for alli € ls,e = 1.
Proof. For any u € U*, applying T;, to Equation (£3) gives us

(4.11) T7 e (¥ (W) Ti (1) = Tj (1) T7 o (¥(u)).-

By Corollary 3] and by Proposition 2.2)2), we rewrite (£I11]) as

(4.12) U(Ti _e(u)T7 (1) = T3 (D) (T7 _e(w))-

Since T/ __ restricts to an isomorphism of U* by Theorem 2] T;’ _.(u) can be any

element in U'. Therefore we have
B (@)TL(T) = T (T)b(x), forall 2 € U,
It is clear that T;’ (To) = To = 1. Thanks to Lemma and the uniqueness of the

intertwiner, we have T = TZ .(T). The other identity is entirely similar. O

Remark 4.14. Proposition 13| also follows from [BK15| §3.1] if one considers T; as an
element in the algebra of natural transformations of the forgetful functor.

Recall from (B3.I3)) the subspace Ut (w) of U™, for w € W. Note £(wewp) = £(wp) —
L(w,).
Proposition 4.15. We have T, € U (wawy) for any p € N[IJ.
Proof. If I, = (), the statement follows by Theorem .8 So let us assume Iy # (). Now
choose a reduced expression s;, ---s;, of wy such that s;, ---s;, = w,e (in particular
i1 € L) and sg41 -+ s, = wewp. We have a PBW basis (3.13) for U™ associated to this

reduced expression of wy. We have 7, (T,) = 0 by Lemma EI2(1), and thus by [Lu94]
Proposition 38.1.6] we can write

(ciz) (ci))
TM :Zc(ci27”‘7cil)Til(Ei2 2 ) (Til”'Tilfl(Eil 1 ))7
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for scalars ¢;, € Q(q). If £(we) = 1, we are done.
If £(w,) > 1, then iy € I,. By Proposition EI3, we have

_ C; C; (Ci )
T, =TT =Y (Cias-sci) B Ty (B o (1, i, (BL)),

which, by Lemma [£12)(1) and [Lu94, Proposition 38.1.6], is of the form

¢ (cq)
T, = ZC(Oacigy-.-,Cil)TiQ(Ei(g 3)) o (T LT (B )).

Repeating the process {(w,e) = k times, we obtain

(€1 (i)
Tu:Zc(O,... 20, Cigys e ooy Cip )T (B FFE7) - (Tik"'Tilfl(Eil ! ))

Tkt
This shows that T, € Ut (wewy). O

The strong constraint on Y proved in Proposition [4.15] shall allow us to compute the
intertwiner Y (almost) explicitly and to establish the integrality of Y in all real rank
one cases (as listed in Table[I]). See the Appendix for the detailed computation.

4.5. The isomorphism 7. Consider the automorphism obtained by the composition
Y=copor:U— U,

which sends

(4.13) NE;) = ¢riFriK—ri,  9(F) = qriBriKri, 9(K,) = K_pp.

For any finite-dimensional U-module M, we define a new U-module Y M as follows:
Y M has the same underlying Q(g)-vector space as M but we shall denote a vector in UM
by Ym for m € M, and the action of u € U on VM is now given by u Vm = (971 (u)m).
Hence we have

(4.14) I(uw) "m =" (um), for u e U,m e M.
As P M is simple if the U-module M is simple, one checks by definition that
YL\ = “L(\T).

Let
(4.15) 9: X — Q(q)
be a function such that for all ;4 € X, we have
(4.16)  g(p) = glp— i")es(—1)Bre g1 20) gy —Hr) g et for i € I,
@17)  g(u) = —q; I g — i) = —g] P g~ i), for i € L.

Such a function g exists. (Actually we can construct such a g taking values in A.)

Lemma 4.16. For any p € X, we have

g(u) _ g(ﬂ . w.i/)gq_—il(_l)@py,n">q;i<'ri,2p.)q7(_7;i7u—w.i’>qiqi_<i,w.u)7 foric L,
14204, ) )
g(p) = —q; P g(u + ), fori €1,
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Proof. The second identity follows from (4.I17]) directly. We shall prove now the first
one. Let i € I,. For any j € I,, by definition (4I7]), we have

j i) —(j,v V) (J,u—v
9l —v) = glu — v+ (j,v)j) (1)) g; B = U g2t ny)

vy —(J,v) 2(3,v){J,
= g(p — s;(v))(~1)Y >Qj Y >qj<3 Y
Then a similar computation as Corollary shows that

(418) g(,u o ’l/) — g(ﬂ _ w.z'/)(_1)<2p:/,i,>q;<i72p'>q2<i_w'i7“>.

(2
Note that since 7i — Twei € Z[ls] C Y, we have 7(7i — Twei) = —we(Ti — Twei). Hence
we have i — wei = Ti — weti € Y. Then using ([AI6]), we see Equation ([£I8) can be
written as

g(,u) _ g(,u—w.i/)gi(—l)@py’i/>q;i72p.>qiqi<i’w.ﬂ )(_1)(2py77-,4)q;<ri,2p.>q7(_;i,u—w.i )q;(i,w.,u)

Now the desired equation follows from the constraint ([B.8]) on the parameters ¢;¢;;. O

The function g induces a Q(g)-linear map from any finite-dimensional U-module M
to itself:
g: M — M, g(m) = g(u)m, for m € M,.
The following lemma is similar to Corollary [£.5] and it can also be read off from the
proof of [BK15al Lemma 2.9].
Lemma 4.17. Fori € 1,, we have
T (B0) = (~1) 2 g7 O ().

Proof. Thanks to [Lu94l §37.2.4], we have

T,(E) = T (B = T 1(B) = (—a) 97 (B = (—0) 017 ().
The rest of the proof is essentially the same as of the proof of Corollary B3] and will
be skipped. O

Recall we denote by 7 = 7, the highest weight vector in L(X). Let n®* = 13 be the
unique canonical basis element in L(\) of weight we .

Theorem 4.18. (c¢f. [BK15, Theorem 7.5]) For any finite-dimensional U-module M,
we have the following isomorphism of U'-modules

J:=T"Togo T;.l M — M.
In particular, we have the isomorphism of U'-modules
T: L(A) — “L(\"), ny .

Moreover, we can choose a function g such that T is an isomorphism of the A-form
AL(X) — Y4 L(\") [once we establish Theorem [2.3].

Proof. Tt is clear that T is a Q(g)-linear isomorphism. Thus it suffices to verify that
T defines a homomorphism of Umodules. We shall prove ?(T(9(u) - m)) = 9(u) -
YT (m)) =?(u-T(m)), or equivalently,

() T (u) -m)=u-T(m), forueU', me M,
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The identity (&) is clear for u = K, (v € Y*), and we verify it on generators u = B;
(tel),u=F;,E; (j €l,) in (1)~(3) below.
Case (1). We first check this identity (&) for v = B; with ¢ € I,. Recall B; =
F; + 6Ty, (Eﬂ-)Ki_1 + /{iKi_l. By Corollary we have
79(B7,) = qTiETikTi +GoopoToTy, (ETZ)I?TZ + "ii}%ﬂ
= GriiriKpi + §i(—1)<2p¥’i/>q§i’2p'>Tw. (00 p(E))Kri + KiKy
= ¢riEri Ky + §i(—1)<2py’i,>q§i’2p'>qz'Tw. (F)Tws (K_i)Kyi + KiK.

Therefore we have

T;.l o 79(B7,) ZQTiT_l(ETi)T;.l(}%Ti)

We
+ Cz‘(—1)<2p¥’i,>qi<i’2p'>qz‘Fif~(—iT;,l(f(n') + R T (K).
On the other hand, thanks to Lemma [£.17] we have
¢(BZ) = E + gz'_lTw. (Eﬂ)kz + K/i[?i
=F+ gi_l(_1)<2PY’Ti/>q_-<ﬂ’2p'>Tz_u.1(En')f(i + 1 K.

T

The left-hand side of (&) can now be computed as follows:
TO(Bm) = Y 0§ o Tol (9(B)m) = Y o (T, 0 9B (1! (m))
=T 0 §( 4Tl (B Tol (Ko Tak(m) + w1y (K o) T3k (m)
+ gl.(_1)<2PY,z”)qi(i,2po>tiij€_iT;.l(K’ﬂ,)T;.l (m))
=T (gwaps + wari)ariTd (Bri) Tl (Kr) Tk (m) + glwepn) T (Kri) Tk (m)
+ glwep — )i (1) 2+ g ) g KT (K )Ty (m))
=T (gwars + wari)grigl7 M Tl (Br) Tk (m) + glwapn)al7 ™ T3 (m)
- glwap — i)si(—1) 2020 g T g ) BTl (m)) )
The right-hand side of (&) is given by
By - T(m) =Bi(T o goT,l(m)) = T (4(B) (70 T3l (m)))
=T (g(wa) T3l (m) + glwap)rial™ 15! (m)
n g(w.lu)gi—1(_1)(2PY,Tz">q—'<7i,2p.>q'(i,w.u>T—1(ETi)T—l(m)> .

T 7 We We

Now the identity T(J(B;) - m) = B; - T(m) follows by comparing the coefficients using
(£16) and Lemma [£16l Note that if x; # 0, we have qi<”’“> = qfl’w'm.
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F;K; 2. So the left-hand

(2

Case (2). Let u=F; (j € L,). We have T,! 0 9(F}) = —¢2
side of (&) can be computed as follows:

T(W(Fj)m) =T ogo T;.l (V(Fj)m)
=Y og( — g FR Tl m))
=T (= glwap = i)aia; " BT (m) ).
The right-hand side of (&) reads
F;-T(m)=F;-Togo T;}(m) = T(g(w.u)FjT;.l(m)).

Now the desired identity (&) for u = F}; (j € L) follows from (IT).
Case (3). Let u = E; (j € L,). We have T,! o ¥(E;) = —¢-E;K?. So the left-hand
side of (&) can be computed as follows:

T(I(Ej)m) =T o go T, L (I(Ej)m)
=T o 5( - qTiEz'f(z?T;.l(m))
=T< — g(wap + ) arig; " BT, (m)) :
The right-hand side of (&) reads
Ej-T(m) = Ej-TogoT, (m) =T(g(wep) BT, (m)).

Now the desired identity (&) for u = E; (j € L,) follows from Lemma TGl
The statement on the A-form follows from the definition of the function g now. This
finishes the proof. O

Remark 4.19. The U’-module isomorphism T was first constructed in the special case of
quantum symmetric pairs of type AIIT/AIV with I, = () [BW13], §2.5, §6.2], and readily
generalized by the authors to quantum symmetric pairs with I, = () (before the posting
of [BK15] in arXiv). The first statement in Theorem I8 in this generality is due to
[BK15l Theorem 7.5] (in which the notation X’ in place of T is used). Our construction
here uses a Q(g)-valued function g and a twisting by ¢, slightly different from the
twisting 779 therein, so we can take advantage of earlier results (mainly Corollary [4.9]).
It is further shown in [BK15] that X' leads to a universal K-matrix X, which provides
solutions to the quantum reflection equation (just like Drinfeld’s universal R-matrix
provides solutions to Yang-Baxter equation).

Our second statement on the isomorphism of U’-modules T : L(\) — “L(A7) will
be used later on. Later as a consequence of Theorem [5.3] we see that T preserves the
A-forms, i.e., T: 4L(A) = SL(AT).

5. INTEGRALITY OF THE INTERTWINER AND ?-CANONICAL BASES FOR MODULES

In this section, we establish the integrality of the intertwiner Y. This is first carried
out by a case-by-case computation in the real rank one case. In the real rank one case,
the integrality of T eventually leads to the existence of +-canonical basis of U*, which
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ensures the existence of (integral) «-divided powers for all i € I. The existence of -
divided powers is then used here to complete the proof of integrality of T in the general
finite type case. We then construct an ¢-canonical basis on any finite-dimensional simple
U-module L(\) as well as on the tensor products of several such simple modules.

5.1. Bar involution %, on modules. Recall [Lu94, Chapter 27] has developed a
theory of finite-dimensional based U-modules (M, B). The basis B generates a Z[q ']
submodule M and an A-submodule 4 M of M.

Recall from Lemma the bar involution 1, on U’. Recall [BW13| Definition 3.9]
that a U’-module M equipped with an anti-linear involution v, is called involutive (or
1-involutive) if

P (um) = P, (u)ih,(m), Yue U me M.
The following proposition is [BW13l Proposition 3.10] verbatim in our more general
setting, and we repeat its short proof for the sake of completeness.

Proposition 5.1. Let M be a based U-module with bar involution v¥. Then M is an
1-tnvolutive U'-module with involution

(5.1) Wy =T o1,

Proof. Tt follows by Theorem 4.8 and (5.1)) that ¢,(um) = Yip(um) = T(u)p(m) =
U, (w)Y(m) = ¥, (u)h,(m), for all w € U* and m € M. Hence M is ¢-involutive. By
Corollary ETTl we have 1,(,(m)) = T(T(m)) = YY(p(m)) = YTm = m. Hence

1, is an involution. O

Recall Lusztig defined a bar involution 1 on (tensor products of) finite-dimensional
simple U-modules (via quasi-R-matrix); cf. [Lu94, 27.3].

Corollary 5.2. There is a bar involution v, = Y1 on the U-module L(\) and on the
tensor product U-modules L(A\1) ® -+ @ L(\), for M, A1,..., A € X, and r > 1.

5.2. Integrality of the intertwiner. In this section we prove the integrality of the
intertwiner for an arbitrary finite type.

Theorem 5.3.

(1) For quantum symmetric pair (U, U") of real rank one, the intertwiner Y is
integral; that is, T =3 YT, with Y, € AU™T for all .

(2) Let (U, U") be any quantum symmetric pair of finite type. Under the assumption
of the validity of Theorem[6.17 for all quantum symmetric pairs of real rank one,
the intertwiner X for (U, U") is integral; that is, T = Zu Y, with T, € 4UT
for all .

Proof. Part (1) is proved by a tedious though straightforward case-by-case computation
in Appendix [Al

Let us prove (2). (The reader is supposed to know Theorem in the special case
of real rank one, which will be established using Part (1) only.) Fix an ¢ € I,. There
exists a Levi subalgebra U} of U* containing B; of real rank one (see Table[2]). Consider

AUL = >_cex, AUjl¢, and the canonical basis elements BZ-(a) = (1<>2Fi(a)) € AU (see
Theorem [6.17)), for a > 0 and ¢ € X,. We have a natural embedding AU; — 4U". By
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(a)

abuse of notation we shall denote by the same notation B; for the image of BZ-(a) in

U". Tt follows by Theorem (for U?) that BZ-(a) € 4U"
Denote by ’AUZ the A-subalgebra of U* generated by BZ-(a) fori € I, and Fj(“) 1, EJ(.Q) 1.

for j € I, for all @ > 0 and ¢ € X,. By Corollary B.2T], BZ-(a) in 4U" preserves
aL(N), for all A € XT. As the other generators of ’AUZ clearly preserve 4 L()), we have
" U4 L(N\) € 4L()\). Actually a stronger statement holds as follows.

Claim (x). We have /, Uy = 4L()\), for A€ X+.

A spanning set for 4L(\) is given by Fla) plaz)

11 72
and a; > 0. We shall argue that z = ﬂ(lal)ﬂ(zm) - Fi(sas)n € ', U, by induction on

the height ht(x) = ijl a;. We can assume without loss of generality that a; > 0,

(as) . .
FZ& n for various s > 0, i; € I

and so 2’ = FZ-(SQ) . --Fl-(sas)n lies in /, Uy by the inductive assumption. If i; € I,
then Fi(lal) c ’AU’ and ¢ = Fi(lal):n’ € IAU2$I € ’AU’m\. Assume now i; € I,. Define
Yy = BZ.(lal):E’ €W Uny. Asz—y = (BZ-(T) - Fi(lal)):n’ € 4L(\) has height less than the
height of x, we have z —y € ’AU'%])\ by the inductive assumption, and so we also have
z =y + (v —y) €, U,. This proves Claim (x).

The A-algebra ’A[.JZ is clearly stable under the bar map ,, and recall ¥,(n) = 0.
It follows by Claim () and Proposition 511 that 4L(\) is t,-invariant. Hence 4L(\)
is stable under the action of T = %, o ¢. In particular, we have (recall wy is the
longest element in W) Tn,,x € 4L(N), for A € Xt. By taking A > 0, we conclude that
T, € 4UT, for each p. O

Remark 5.4. In the proof above, we only need to assume the validity of Theorem [6.17]
for all the Levi subalgebras of U of real rank one (see Table 2]). For example the
integrality of T for type FII is not used in the proof of any other quantum symmetric
pairs.

Remark 5.5. Logically, the reader should read through the remainder of the paper
under the additional assumption of real rank one so Theorem for U of all real
rank one (which is the assumption of Theorem [£.3](2)) is established fully. Then the
integrality of Y for U” of any finite type follows by Theorem [5.3(2).

In the remainder of the paper, we shall use the integrality of T for any finite type freely
without mentioning further the assumption in Theorem [5.3(2), thanks to Remark [5.3.

5.3. -Canonical bases on based U-modules. Recall the quotient map X — X,
i — 7. We define a partial ordering <, on X by letting, for u/,u € X,
(5.2) W <,opw & /=T, and p' — p € N[I] N Nw,]].
Note that if p/ = 7 then we7' = Werfi by definition of X,. We also define p/ <, p if
p <, poand p # p.

We formally extend the partial ordering <, to any set S with a natural weight
function |- | : S — X (such as B(\) for A € X, or any basis B in a based U-module
below), by declaring that

V<, b o [V|<,|b, forallt,beSs.
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Lemma 5.6. Let (M, B) be a finite-dimensional based U-module (cf. [Lu94, Defini-
tion 27.1.2]). Then we have

(b)) =b+ Y fB:V),  fort €B, f(sV) € Al
b'<.b

Proof. Since 1(b) = b for b € B and ¢, = T4, we have by Theorem [A.§ and Proposi-
tion that

b)) =TO) =b+ > fH;0)0, for f(b51) € Qlg).
b EB,V <,b
Note that f(b;b") € A by Theorem 5.3 O

By applying a standard procedure (cf. [Lu94, Lemma 24.2.1]) to the involution ¥,
with the help of Lemma [5.6], we have proved the following.

Theorem 5.7. Let (M, B) be a finite-dimensional based U-module.

(1) The U'-module M admits a unique basis (called 1-canonical basis) B* := {b" |
b € B} which is i,-invariant and of the form

(5.3) b'=b+ Z tb;b/b/, for tyy € q_IZ[q_l].
b'eB,b <,b
(2) B* forms an A-basis for the A-lattice ;M (generated by B), and forms a Z[q~']-
basis for the Z[q~']-lattice M (generated by B).

Remark 5.8. When I = I,, we have —I = weI, X = X,, and hence b <, b’ actually
means |b| = |b/|. Therefore, in this case the z-canonical basis reduces to the usual
canonical basis.

Remark 5.9. Similar to Lusztig’s canonical basis, the ¢-canonical bases are computable
algorithmically. The -canonical basis is not homogenous in terms of the weight lattice
X, though it is homogenous in X,.

Recall for A € XT, we denote by 4L(\) (respectively, £(\)) the A-lattice (respec-
tively, the Z[g~!]-lattice) spanned by {b~n|b € B(\)}. The following theorem is an

important special case of Theorem [5.7] since L(\) is well known [Lu90), Ka91] to be a
based U-module.

Theorem 5.10. (1) For any b € B, there is a unique element (b=n)" € L(\) which
18 Y, -itnvariant and of the form

b ) ebn+ > g 'Zig W n;
b'<.b
(2) The set {(b—n)'|b € B(\)} forms a Q(q)-basis of L(\), an A-basis of 4L(\),
and a Z[qY]-basis of L(N\) (called the 1-canonical basis).
Recall that a tensor product of several finite-dimensional simple U-modules is a

based U-module by [Lu94, Theorem 27.3.2, §27.3.6]. Theorem [5.7] also implies the
following.
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Corollary 5.11. Let \q,...,\. € XT. The tensor product of finite-dimensional simple
U-modules L(\1) ® ... ® L(A\.) admits a unique ,-invariant basis of the form (B.3]),
where B is understood as Lusztig’s canonical basis on the tensor product.

Recall we write 7} or simply n® for the unique canonical basis element in L(X) of
weight weA. Moreover, by [Lu94, Lemma 39.1.2], we have

(54) n3 = Tu (02).
Some -canonical basis elements are easy to identify as follows (even though the

1-canonical basis differs from canonical basis in general, for example, already in the
natural sl,,-module; cf. [BW13 Remark 5.10]).

Corollary 5.12. For any b € By, (\), the element b=n € L(\) is an 1-canonical basis
element. In particular, n® € L(\) is an 1-canonical basis element.

Proof. We already know that ¢ (b~ n) = b~ n by definition. On the other hand, we have
Y (b~n) = b~ n for weight reason, by Proposition So ,(b™n) = TY(b~n) = b n.
Note n*® is equal to b~ n € L()\) for some particular b. By the uniqueness, a canonical
basis element which is ,-invariant must be ¢-canonical. The corollary follows. O

5.4. On QSP of Kac-Moody type. The theory of quantum symmetric pairs of Kac-
Moody (KM) type is developed in Kolb [Ko14]. As we follow Lusztig’s book on quantum
groups, we shall assume that the root datum is X-regular and Y-regular in the sense
of [Lu94]. We briefly comment on the extensions of results in Section BHEl to QSPs of
KM type.

An iquantum group of KM type is called locally finite if all of its Levi subalgebras
of real rank one have Satake diagrams listed in Table [Tl

On Section Bl All constructions therein make sense for the quantum symmetric pairs
(U, U") of KM type (under the assumption “v; = 1 for all i € I,”, which is conjectured
to always be true in [BKI5al Conjecture 2.7]). The conjecture “v; = 1 for all i € 1,”
holds for U* of locally finite KM type, and the values ¢; are computed as in Table Bl
The study of +-canonical basis for general KM type leads to the question of studying
in depth U* of KM type of real rank one.

On Section Ml The statements on braid group action for U* make sense for the
quantum symmetric pairs (U, U") of KM type and in more general parameters as in
[BK15a] (under the assumption “v; = 1 for alli € I,” as above). However, the statement
on the anti-involution p for U’ of KM type requires the stronger Condition (B.8]) on
parameters as explained in Remark [.71 We refer to Remark B.7 for the comparison of
parameters and their constraints used in this paper and in [BK15a].

On Section Bl The construction of -canonical bases on based U-modules can be
extended to some class of QSP of KM type. We shall return to study the ¢-canonical
bases arising from QSP of KM type in a separate work, as additional new ideas are
needed to develop a comprehensive theory of 2-canonical bases in the KM case.

6. CANONICAL BASIS FOR THE MODIFIED 2QUANTUM GROUP U*

In this section we shall formulate and study a projective system of U’-modules
{Ll()\ + v w4+ I/)}V Xt and establish the asymptotic compatibility of ¢-canonical
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bases between the_se modules. Then we construct the s-canonical basis on the modified
rquantum group U* (Theorem [6.17)).

6.1. Based modules L'(\, p1). In this section we shall consider the based submodule
L'\, p) = U(n} ® ny) of L(A) ® L(p) introduced in @27), for A, p € XT. Thanks to
Corollary [2.7] and Theorem [5.7] we already know the existence of the s-canonical basis
on L'(A, ). The main goal of this subsection is to improve the partial ordering <, in
Theorem [5.7] (1) for the based module L*(\, p).

Remark 6.1. (1) When I, = (), we have L"(\, u) = L(\ + p) canonically.
(2) When I, = I, we have L'(\, p) = “L(—woA) ® L(p) since 0} @ 0y = Ewor @ M-
Then we are back to Lusztig’s setting [Lu94, Chapter 25].

Lemma 6.2. Let \,u € X*. We have

(1) U'n} = L(A\) and U'ny = L(\);

(2) L'\ p) = U} @) = P (0} @ n,) = U (03 @1)-
Proof. Part (1) is a special case of Part (2) by taking A = 0 or ;1 = 0, and so let us prove
(2). It follow by definition that L*(A, u) = U(n} ® n,), which is equal to P(n} ® n,)
thanks to E;(n3 ® n,) = 0 for i € I,. Since the action of Ullm on 73 ® 0, factors

through the projection (BI4), it follows by Lemma B:22 that U*(n} ®1,) = P(n} @1,).
The lemma, is proved. g

Lemma 6.3. Let \,u € XT. For anyb € By, (\), the element (b~ n\)®n, € L(A\)QL(u)
is an 1-canonical basis element. In particular, ny ®@mn, = T;.l (m\) ®ny, is an 1-canonical
basis element.

Proof. To prove the first statement, it suffices to check that (b7 7)) ® 7, is a Lusztig
canonical basis element and t,-invariant. Indeed, since ((b"nx) @ 7,) = O((b™n\) ®
Nu) = (b67n\) @y, (b7n) @1, is a Lusztig canonical basis element. On the other hand,
we have 1,((b7nx) @ 1) = T((b7mx) @) = (Yo7 ma) @ mu = (b7m) @ ny for weight
reason. Also recall from (5.4) that 7} = T,}(n,) is a canonical basis element of L()).
The lemma follows. U

For N > 0, let P(N) be the Q(q)-subspace of U spanned by elements of the form
bi by 1¢ for ¢ € X, (b1,b2) € B, x B such that ht(|be|) < N. It is clear that P(N) N B
is a canonical basis of P(N).

Lemma 6.4. For A\, € X, the subspace P(N)(n} ® n,) of L(\) @ L(p) is stable
under the action of 1,.

Proof. Observe by Lemma [6.3] that 1, (b0~ (1 @ n,)) = b ,(b (n} @n,)) for (b1,b) €
B, x B. Hence it suffices to show that

Yo (u(ny ®@mu)) € P(N) (03 @ 1), for w € U, with ht(r) < N.

We prove this by induction on N. When N = 0, the statement is trivial. Let us prove
for u = FZ‘?FZ’Z2 e F;zk with Zle a; = N that T/)Z(’LL(U;\ ® 17”)) € P(N)(n} ®n,). We
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shall compare v, (u(n$ ®7,)) with BB - BZ‘-I: (nX®my). Since B;’s are 1,-invariant,
it follows by (B9) that

Ui (u(nf @ mu)) C BB -+ B (03 @ nu) + ¢, (P(N = 1)(n} @ m,)).
Hence the lemma follows by induction. O

Recall the partial order < on X from (ZT]).

Definition 6.5. We define a partial ordering <, on B x B, and hence on By, x B as well
by restriction, by letting (b}, 05) <, (b1, bs), for b,b' € B, if and only if Conditions (1)—
(3) hold:

(1) [By] = [B5] = [b1] — [b2] (in X,);

(2) (|65] = [051) = (|br] — [b2]) € N[I] N N[wsl];

(3) [by] < [ba].

We say ( ll,bé) <, (bl,bQ) if ( ll,blz) <, (bl,bg) and ( ll,blz) #+ (bl,bg). This partial
ordering is compatible with the partial ordering <, on B (by taking by = b} = 1 above).

Lemma 6.6. The partial ordering <, on By, x B is downward finite, that is, for any
fized (b1,b2) € By, x B, there are only finitely many (b,b,) € Bi, x B such that
(01, 03) <y (b1, b2).

Proof. Note that |b)| € N[L,] for any b} € By,. Thanks to Definition [6.5(3), there are
only finitely many b5, € B, such that (b},0,) <, (b1,b2). Now by Definition [6.5(1),

we have || = [by] — |ba] + [b}]. There are only finitely many ) € By, satisfying this
condition thanks to (B3)). O

Lemma 6.7. Let \,u € X+ and let { = we\+ pu. For any (by,b2) € By, x B, we have

wz((bl<><bz)(ni®m)>=(b1<><bz)(ni®m)+ D F b, bas by, 0) (0O cbh) (3 @),
(b7,b5)<a(b1,b2)

where f(by,ba; by, b)) € A.
Proof. Recall 1, = T 0. By Theorem [5.3] and Lemma [6.4] we have

Gu((b10cbo) 3 @) = D7 F(br,baibh, ) (55.0cbh) (13 © ),

105 <[bz|

where f(b1,be; b, 05) € A and (b},b,) € By, x B.

Note that we can first view L'(\, ) as a based U-module, ignoring the tensor product
structure. Note that by definition we have |(b1{¢b2)(n} ® n,)| = |b1] — |b2] + ¢. Hence
conditions (1) and (2) can be translated to (0] cb5)(n3®@n,) <, (b1dcb2)(ny®n,). Here
<, is the partial ordering on based U-modules defined in Section[5.31 We abuse the nota-
tion due to compatibility. Therefore thanks to Lemmal[5.0, we see that f(by,be; b1, b) =
1, and f(b1,be;b},b,) = 0 unless Conditions (1)—(2) in Definition [6.5] hold. Condition
(3) in Definition follows from Lemma [6.4] O

Now we obtain the following refinement of Theorem 5.7l for the based module L*(\, p).

Proposition 6.8. Let A\, € X* and let ( = we\ + p and ¢ = C.
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(1) For any (b1,b2) € Br, x B, there is a unique element in L*(\, u), denoted by
(010¢b2)tun (0 by ((01OcD2) (03 © nu))" sometimes), which is b,-invariant
and of the form

(6.1) iOch2)m @m) + Y Zlg (B Ocbh) (0% @ ).
(b'pbé)ﬁz(bl,b2)

(2) The set B"(\, u) = {(blOglbg)fU.)w](bl, by) € By, x B}\{0} forms an A-basis of
ALY\ 1) and a Z[g=Y)-basis of L*(\, 1) (defined in[2F) (called the 1-canonical
basis).

Remark 6.9. By a standard argument (cf. [Lu94. proof of Proposition 25.1.10]), the

uniqueness of the s-canonical basis elements (b1 ¢, b2)1,, \ ., does not require the partial

ordering constraint in (G.1I); that is, (b1O¢,b2)y,, 5 ,, 18 characterized by being 1,-invariant
and of the form

(010¢,b2) i n g € (0102 (1% © 1) + Y a ™ Zlg ™)1 Ocb) (0, @ m).-
(b7,05)
Now taking p = 0, we obtain the following generalization of Theorem [5.10l

Corollary 6.10. Let A € XT. Then we have the 1-canonical basis of L(\) which
consists of the nonzero elements of the form ((b1<><b2)n;\)2 for (b1,b2) € By, x B.

6.2. A projective system of U'-modules. We shall give a construction of a pro-
jective system of U'-modules {L'(A + v™,u + I/)}VGX+, for fixed \,u € X*. Our
construction essentially reduces to [Lu94, 25.1.4-5] in case that I = I,.

Lemma 6.11. For any v € X, there exists a homomorphism of U'-modules
0'=20,:L(V)® L(v) — Q(q),
such that 6!,(nS- @n,) = 1.

Proof. Recall the U'-isomorphism T : L(v") — “L(v) in Theorem A.I8 Define a U’-
homomorphism ¢' = §o(T®id), where § : “L(v)® L(v) — Q(q) is the U-homomorphism
defined in [Lu94] Proposition 25.1.4]. Clearly 4} (nS- @ n,) = 1. O

Proposition 6.12. For any \,u,v € X, there exists a U*-homomorphism
T ="mapv: LA+0") @ L(pn+ v) — L(\) @ L)
such that T(n3, - @ Nurv) = N3 @ nu. Hence, we have a unique U'-homomorphism
(6.2) T L' AN+ v, p+v) — L'\, p)
such that T(n%, ,+ ® Nusv) = N3 @ Ny

Proof. Recall the U-homomorphism y from Lemma 23] and the R-matrix R associated
with U defined in [Lu94, §32.1]. We shall rescale the R-matrix accordingly. We define
a U-homomorphism as the composition " = (1@ R® 1) o (x ® x):

X' LA+ @ L(p+v) X L") @ L(\) ® L(v) ® L(u)
YR (™) @ L(v) ® L(N) @ L(p)
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such that
Maarr © Nugw = Nor @ 1y @) @ 1y

Then the U-homomorphism 7 := (d;, ®id)ox” satisfies that 7(n3 - @1u10) = 1} D1y
The restriction of 7 provides a U* -homomorphism (6.2]), and its uniqueness follows from
Lemma, 0

Proposition 6.13. The homomorphism 7 : L*(A +v", u +v) — L*(\, u) commutes
with the bar involutions ,; that is,

o, (m) =1, om(m), forallme L'(A+v", p+v).

Proof. Thanks to Lemma [6.2] we can write m = u(n3, - ® 1u4,) for u € U'. Recall
that ¥,(n%,,» @ Mutv) = (N34pr @ Mutr) by Lemma We have

™o wz(m) =To wz (U(ﬁ:\+m @ nu-i-u)) = 1/% (u)ﬂ-(n;\+zﬁ ® nu-i-u) = 1/% (u) (77;\ & nu)’

We also have

Pyom(m) =1, 0 77(“(77;\4-1/7 ® 77u+u)) =, (u), o 77(77;\+zﬁ @ 77u+1/) =, (u)(n} ® nu)'
The proposition follows. O

6.3. A stabilization property. Denote by £*()\, i) the Z[g~!]-lattice spanned by the
canonical basis (hence also the :-canonical basis) of L'(A,u). By A > 0 (say, A is
sufficiently large) we shall mean that the integers (i, A) for all i are sufficiently large (in
particular, we have A € X ™).

Let us first explain the simple idea for this subsection before going to the technical
details. We want to study the contraction map 7 in ([6.2]) “at the limit v — 00” and
ultimately prove Proposition But the map 7 does not map L'(\ + v7,u + v)
to L*(A, 1) in general. (In our QSP setting, we do not have at our disposal the -
counterpart of [Lu94, 25.1. 6] which relies on [Lu94, 25.1.2(b), 25.1.4(b)].) We instead
study the problem as to whether or not the image of (b1 ¢b2) (73, ® Mutr) under 7
lies in £*(\, ), for fized (b1,b2) € By, x B. The idea is to show that m((b1Ocb2) (34, ®
nu+,,)) € LY\, p), for A, u, v sufficiently large.

In this section, we often require that A, u > 0 while fixing (, = weA + 1 € X,. Note
that this is always possible, since we have v + we7(v) = 0 € X, for any v € X. In other
words, we can always replace A with A + ™ and u with u + v, respectively, for v € X.

Lemma 6.14. Let ¢, € X,, v € X and (by,b2) € Br, x B be fized. Let \,ju € X be
such that weA + pu = ¢ for some ¢ € X with { = (,. Hence (' := we(\ +v7) +pu+v
satisfies that (' = ¢,. Then, for A\, >> 0, the map 7y, : LN+ V", pp+v) = L*(\, 1)
satisfies

T (010¢b2) (M3 e @ M) = (1Och2) (N @ 1mp),  mod ¢ LY\, ).

Proof. The symbol “\ — o0” below means that (i, A) tends to oo for all i € I. In this
proof we denote by limy ;oo the limit where A,y +— oo while fixing weA + 1 = ¢,. We
shall proceed in two steps.
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(1) First we prove the lemma in the special case when by = 1. We write b = b to
simplify the notation here. Then we have 100 = b~ 1. Let

AbT)=1®b+ Z a(®, "'~ ® b”_f(_|b/|, where V', 0" € B.
b1
It follows by (6.2]) that
X//(b_ (77;\—1-1/7 ® 77u+1/))
=(n%r @) @b} @) + > alb b (0 @n,) @YKy (03 @ np),
and hence
WA,M,V(b_ (77;\-1-1/7 ® 77u+u))

63 b en) + 06, (0 (5 @ 0) )0 Ky (0} @ ).
b#1

By Theorem 2.6, we have V"~ (n} ® ) € B(A, ) U{0} for any b € B.
Now if 1 # '~ € Uj_, we have
o, (6=t @) = b= (8,5 2 ) = 0.
Therefore we have (if b’ # 1)
a(V,b")3, (0~ (n3- @) Ky (1 @) = 0,
a(V', 6"), (U (n5- @ 1) )b K_jy| (n3, @ 1) = 0.

If V= ¢ Uy, we write [V = 37, aii + > cq, ¢j for aj,¢; > 0, and some ¢; # 0.
Then we have

iy ° —a;(i,we\ —ci{(j,we A+ °

(6.4)

1€lle Je€lo
. —a; (T, we A1) —cj(wed,\) —ci{di) e
=1« q; 114 M\ © Ny
1€lle J€lo Je€lo
:;qisb’,k,u

Since weA + it = ¢, € Xy, [[ier, q[ai(i’w'Aer depends only on ¢, (since Z[l,] C Y*) and

hence is fixed. Note that wej > 0, for j € I,. So we have

6.5 lim — — .
(6.5) alm_ =8y = =0

On the other hand, since v is fixed, we see that

J,, (b/_ (myr ® 77,,)) € ¢*Z[qg7'], for some s, € N.

We can choose s, to be independent of '~ thanks to Theorem and the finite-
dimensionality of L'(v",v).
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Note that a(b',b") depends only on b and is independent of A\, u. Let ¢, € N such
that ¢ %a(t/,b") € Z[q '] for all ¥',b”. Therefore we have

6.6)  a(¥,b)s, (b/_ (npr ® m))f?_w\ (3 @) € AT Z g (Y @ ny),

and
o', 618, (6 (8- @ m) )0~ K (3, @ ) € q 0L ).

Since there are only finitely many b’ < b (and b < b), let sp 5, = min{sy 5 ,[b" < b}.
Thus the combination of (6.4]) and (6.6]) implies (recall &’ # 1)
(6.7)

a(',b")s;, (b’_(nzr ® nu))f?_\w(ni ® ) € ¢ AT T (Y @ y), for all b < b,
Equation (€5) and the finiteness of the set {s x ,[0' < b} imply that

(6.8) \ Egloo(_sb”\’“ +iy+s,) = (- /\’Ligloo Sbau) +ty + 8, = —o0.

)

Note that 1$¢b = b~ 1¢ and 1$eb = b~ 1. Summarizing, for A, u > 0, we have

Mg (L0 M3 ® ) = 7 (03 © 1) = (10¢) (13 @ 1), mod g~ LM (A, ).
This finishes the proof in the case when b; = 1.

(2) Now we deal with the general case, by letting b; € By, and by € B be arbitrarily
fixed. We can write

b1¢rby = > FUbLb2) b by 10, f('b1,"by) € A.
I"b1]<[b1],| 02| < b2

Note that f('b1,’bs) € A depends only on 'by,’by and ¢, = ¢ (by Proposition 2.I0).
Since the set {("b1,’b2)||'b1| < |b1],['b2| < |b2|} is finite, there exits sy € N such that
f('b1,'b2) € ¢/ Z[g 1], for all 'by, by.

The elements 'b] € Uj, commute with the Up,-homomorphism T uv- Following
Equation (6.3]) and the notation therein, we have

Tr)‘v/»l'vy </bii_/b2_ (77;\—1—1/7' ® 77u+1/)>
="b by (% @) + Y al'by,'b5)dL (b (5 @m)) b by K g (13 @ ).
b, A1

Let siy, ny € N be such that b1, € qS'bl"blle[q_l]Blg. By Proposition 2.10]
sip, by depends only on ,, but not on ¢, since (i,(,) = (i, () for all i € L.

Now for a fixed 'by € B, there are only finitely many |'05| < |'bs| (and |'by| < |'ba]).
Let sy, b, = max { s, nyr, V' with 'b5| < |'ba[}. Then we have

b1 € ¢V ZgT B, Vb with |['by] < |'bal.
Let my, p, = max { s, 1p,, ¥V'b1,’by with |'by| < |by], |'b2| < |b2|}. Then we have

b7 1 € ¢ Zlg B, for all ['bg] < ['bal, ['ba| < |bal, ['b1] < [ba.
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Then thanks to Equation (6.7]) and Theorem [2.6] we have, for all |'b5| < |'b2| and
by # 1,
F bbb, )55 (05 ) ) 670 g (3, )
€ q Sz aw Tl Fovtmo oy s gy

We see limy j—yo00 (—8/by A+ by + 51+, o +5¢) = —00, for all |'by| < |by| and b5 # 1.
Since there are only finitely many by < by, we can find A, > 0 such that
(6.9)

T\ u,v (f(/bh /b2)/bf—/b2_ (77;\4-1/7' & 77,LL+I/)) = f(/blv /b2)/bf—/b2— (77;\ ® ”7#)7 mod q_l'[“z()‘a /L)

Now summarizing, we can find A, g > 0 such that
T\ p,v ((bl <>C’b2)(77;\+1ﬂ ® 77,u+1/))

:7‘(’)\,“,1/( Z f(,bly ,b2)/bi‘r/b2_ (TI;\_H/T X n;ﬁ-u))

/b17/b2
=) F(by, b)) b by (1% @ ) mod ¢~ ' £"(A, )
/b17/b2
(6.10)  =(biOcb2) (13 @ mp) mod ¢~ L' (A, ).
The last identity (6.10) follows from Proposition 210l This finishes the proof. O

Now we improve Lemma by letting v € Xt vary.
Lemma 6.15. Let ¢, € X, and (b1,b2) € By, x B be fixred. Then for all A\, > 0 such

that ¢ := weX + p = C satisfies ¢ = ¢, and for all v € Xt, we have
T (0100b2) M3 pnr @ M) = (b1Ock2) (MY @ mu),  mod ¢ L' (A, ),
where we have denoted (' = we(A +17) + pu+ v.

Proof. Let w; € X such that (j,w;) = J;; for 4,5 € I. Now we can apply Lemma [6.14]
to v = w; for each ¢ € I. Since I is a finite set, clearly when A, > 0, we have

i L'+ 7(w;), o+ w;) — L'(\, ), Vi e,

satisfying
Togur (010b2) (M3 4o @ Mprasy)) = (010¢h2) (13 © 1), mod ¢~ L' (A, o).
Now the lemma follows by induction on ht(v). O

Recall from Proposition B8 the +-canonical basis { (b1 {cbz) (77;\@3)77#))Z = (0:1{¢, bg):y.)\#}
of L*(\, p).

Proposition 6.16. Let ¢, € X, and (b1,b2) € By, x B. Then for all A\,pu > 0 such
that ¢ := we\ + p satisfies ¢ = ¢, and for all v € X, we have

Tr)\vth<(b1<>Czb2)iu.)\+w.VT,u+V) = (b1<>Czb2)§U.)\,u‘
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Proof. We write ¢/ = we(A+ ™) + p + v. Recall from Proposition [6.8] that
((b1Oc2) (3 sr @ M) € (b10cb2) (M3 4r @ Mputo)
+ ) g Zg OO (3 ® Mut)-
(b,17b/2)Sz(blyb2)
Applying Lemma to all (finitely many in total thanks to Lemma [6.6]) (b],b)) €
By, x B such that (b],5) <, (b1,b2), we have
T (OO0 (M3 4r @ M) = B1OHL(R @ 1), mod ¢~ L(A, p),
for all (b},b5) <, (b1,b2). Hence we have

(611) 7T)\,M,V<(b1<><zb2)’z}.)\+w.l/7,u+l/) = (blOCzb2):u.)\,;m mod q_lﬁl()‘mu)'

We know by Proposition[6.I3Ithat 7 ,, <(b1 Ceb2)in wer +V) is ¢,-invariant. There-

fore the proposition follows by (6I1II) and the characterization property in Proposi-
tion [6.8(1) and Remark of the t-canonical basis element ((b1$cbo)(ng @my))'. O

6.4. Canonical basis on U We are in a position to construct the +-canonical basis
of U". Recall the A-subalgebra 4U* of U* from Definition 3.19]
Theorem 6.17. Let ¢, € X, and (b1,b2) € By, x B.
(1) There is a unique element u = b1<>22b2 € U* such that
u(ny ®nu) = (b1<>clb2):ﬂ,)\7u € L'(\ ),
for all A\, 1 > 0 with weA + 1 = (.
(2) The element blOzzbg 18 Y, -invariant.
(3) The set B" = {bl%bﬂQ € X,,(b1,by) € B, x B} forms a Q(q)-basis of U
and an A-basis of 4U".
Proof. (1) For N1, Ny > 0, let P(N1, N3) be the subspace of U’ spanned by elements
of the form Bfll ng _ Bf:bJrlC for various ¢ € X, and b € By, such that Y7, a; < Ny
and ht(|b]) < No. It is easy to see that ¥, (PZ(Nl, N2)> — PNy, Ny).

Let P(Np, N3) be the Q(g)-subspace of P spanned by elements of the form b;bfl,,
such that by € By, with ht(|b;]) < Ny and by € B with ht(|bs|) < Ny, for various
veX.

Recall the U'-module homomorphism p,,, in Lemma For any Ny, NJ > 0 and
v € X, we can find (sufficiently large) N1, N2 and (larger) Ny, Nj such that
(6.12) P(N{',Né’)l,, C pop (P (N1, Na)) C P(N{,Né)l,,.

Consider ¢ = weA + p1, for A\, € X subject to the constraint ¢ = (,. Assume
that b Qb € P(NY, Ny) for all (b],05) <, (b1,b2). We shall use below the alterna-
tive and more informative notation ((b1<{¢ba)(n} ® 1)) for (010¢b2)1n - Then by
Proposition [6.8] we have

((brOcba) () @) € PINT, N3) (0% @ ).
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Note that by the definition of p, ; in Lemma [3.22] we have

u(ny ® 1) = puc(u) (i} @ny),  for u € U'l,
Therefore by (6.12)) there exists an element u € P*(Ny, N2)1¢ such that

u(nf @) = ((b10ch2) (13 ©1m))"
Now take A, i > 0 so that we have the linear isomorphism
P(N1, N3)1¢ = P(N1, N3)(n3 @ 1)
Hence it follows by (6.I12) that such u € P*'(Ny, N2)1¢, is unique (which in particular
does not depend on the choices of N{, Ny, N{, NJ, No, N}). We write u = (010, b2) 2 -
Now assume we can find another such element (b <>22 b2) a7 v € PY(NT, N3)1, for

v € Xt (we can always enlarge Ni', N1, N|, Nj, Na, N}). Proposition [6.16] implies that
(for A\, > 0)

(b1 <>Z‘Z b2)>\+1ﬁ,u+u(77;\ ® 77,u) =T\, v ((bl <>Z(b2))\+1ﬁ,u+l/ (77;\-1-1/7 ® 77u+1/))
=((b1Ocb2) (1% ® )"

Therefore by the uniqueness of (blOzlbg)MM we have (bl<>2252)>\,u = (blOzzbg)AJﬂ,nﬁy.
Hence we can define

b1 be = (b1, b2) 2 -

lim
A, —>00
This proves (1).

(2) Since by Lemma [6.2] we have

(10 (b1OF,b2)) (1% @ 1) = o (b1, b2) (M3 @ M) = (b1 O b2) (03 @ 1),

for all A, > 0. Hence by the uniqueness from (1), we have Tﬂz(blozlbg) = b1<>’gb2.
This proves (2).

(3) We first show that b1 O, be lies in AU Let v € X. Thanks to Lemma B20] it
suffices to prove that b1021b2 -1, € AU. We can assume that ¥ = (,, otherwise the
claim is trivial. ~

We can write v = pu — A" for some p, A > 0. Let ¢ = weA + p. Note that ¢ = ¢,.
Now thanks to Theorem I8l we have the following isomorphism of 4 U*-modules

T@id :a L' (A, p) —> GL(AT) ®@a aL(p),
M @ 1 = Eoxr @ 1y

Since @, A > 0, we have (b1<>2252)(7li®77u) = ((blogbg)(n;\@mu))l € 4L*(\, p), hence
(010Lb2)(E=n @ my) € GL(AT) ®a aL(p). Since we know p, A > 0, we conclude that
bl<>2~1b2 . 17 e 4U.

Now let = be any element in 4U'l;,. We can assume x € P'(Ny, Na)l;,. Take
A\, 1 € X such that ¢ = we\ + p satisfies ¢ = ¢,. Then by definition of 4U?*, we have

(X @ ) = Z F(b1,b2) (01O cb2) (3 @ 1)) for f(b1,be) € A.
b1,b2
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Thanks to the linear isomorphism P(N{, N3)1¢ = P(N7, N5)1¢(n} ® 1,), we have
z =Y fb1,b2)(b10¢ba).

b1,b2

Hence {bloélbg‘(bl,bg) € B, xB } spans AUllg. The linear independence can be
proved entirely similarly. ([l

Remark 6.18. The condition “A, x> 0” in Theorem [6.I7(1) cannot be removed com-
pletely in general but can likely be much weakened, as suggested in the case of QSP
of type Al; (I = {i} and I, = ()) with some particular choice of parameter k; # 0
(see [BW13l §4.2] for the case k; = 1). But this condition can be removed for QSP of
type Al with k; = 0. That is, for any A\, u,v € XT and (b1, b2) € By, x B, the map
7 L' AN+ v", u+v) — L'\, p) sends (leCZbg)jﬂ.(/\JwT)’wu = (010¢,b2)3, 0 Where
¢, = weA + u. The proof follows by the same computation as [BW13, Lemma 4.8 and
Proposition 4.9].

We conjecture that m maps an -canonical basis element to an i-canonical basis
element or zero for general QSP, and moreover, the strong compatibility could still
hold when fixing the parameters properly.

Note (E](-a)ozzl) = E](.a)lcl, for j € I,.

Corollary 6.19. The A-algebra 4U" is generated by 1<>21Fi(a) (1 € I) and E](»a)lg
(j € L) for various ¢ € X, and a > 0. Moreover, AU is a free A-module such that
U' = Q(q) ®a 4U".

(These generators of the A-algebra 4 U” are called +-divided powers.)

Proof. Let us denote by V the A-subalgebra of 4U* generated by 1<>2<2F2-(a) (1 €I) and
E](-a)lcl (j € I,). Take \,u € X such that ¢, = weA + p. By an inductive argument
entirely similar to the proof of Claim (%) in the proof of Theorem [5.3] we have
V3 @) = U003 @) = aP (03 @) = aL'(A, ).
Therefore for any (b1,b2) € By, x B, we have (b10¢,b2) (13 ®1,) € V(0 ®n,). Retaining
the notation from the proof of Theorem [G6.17], we further have
(010, b2)(n} @ 1m) € (V N PYN1, N2)) (03 @ 1)

for some N; and Ny independent of choices of A, i (such that {, = weA + 1). Now
taking A, u — oo, following the same argument as in the proof of Theorem .17 we
conclude that bl<>22 bs € V, that is, every canonical basis element of 4U"* lies in V.

Hence we have V = 4U”, and the corollary follows. O
We have the following improvement of Lemma [3.22]

Corollary 6.20. For A € X, the map p, : AI.JZIX — 4P1, is an isomorphism of
(free) A-modules.
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Proof. It remains to prove the surjectivity. We basically rerun the proof of Lemma [3.22]
with the help of Corollary 6191 Let b € By,. As an analogue of ([3.I5)), we consider
(6.13)

P (105 F ) (108 FE2) - (108 ) = P F) 571, + lower terms,

iz
where the lower terms are a A-linear combination of F j(lall) e F}(tai)b/+1 » for various
b € By, and a;- with a}+...4+a} < a;+...+as. It follows by an induction on a;+. . .+as
that Fl-(lal)Fi(Qaz) e Fi(sas)b+1 A E pz,)\(/l-UZlX). The surjectivity now follows. O

6.5. Canonical bases for Levi subalgebras of U’. For an admissible subdiagram
with root datum J C I, recall the Levi subalgebra Uj of U* from Definition 314l Define

U= P un, c U
HEX,
As (Uy, Uj) forms a quantum symmetric pair of finite type, all constructions for i-
canonical bases so far are applicable. For \,u € XT, we have Uj-module Lj]()\,u)

(which reduces to L'(\, ) when J = I). By construction, we have Lj(A, ) € L'(A, ).
It follows by the uniqueness in Proposition[6.8] (and its J-variant) that BZ()\ p)NLy(A, )

is the 2-canonical basis of Lj(\, it). Recall from Theorem [6.17 that B' is the +-canonical
basis of U*, and UjI admits an ¢-canonical basis. By the uniqueness in Theorem [6.17/(1)
(and its J-variant), the s-canonical basis of Uj] coincides with the subset B* N Uj] of
the 1-canonical basis of U*; this follows from a rerun of the proof of Theorem We
summarize this as the following.

Proposition 6.21. For an admissible subdiagram with root datum J C 1, the set BZOUQZH

. . : 7
forms the 1-canonical basis of Uj.

6.6. Bilinear forms. The results in this subsection generalize [Lu94, Chapter 26].
Recall the anti-involution g in Proposition 211 For J C I, let wy be the longest
element in the parabolic Weyl group Wj. Recall [Lu94, Chapter 19] there is a unique
symmetric bilinear form (-,-) = (+,-)x : L(A) x L(A) = Q(g) such that
(1) (n,m) =1
(2) (ux,y) = (x,p(u)y) for all x,y € L(\) and u € U;
(3) (z,y) =0for x € L(\), and y € L(X),y unless = p/'.

Lemma 6.22. For any J C I, let ' = T, (n) € L(X) for X € XT. Then we have
(n',n’) = 1.

Proof By (54) (or [Lu94, 39.1.2]), for a reduced expression wy = Si, Sy * - Si,,, We have
0 = F(“l)Fi(;?) . F(a”)n For any 1 < k < n, we write 771: = F(ak)ﬂ(ﬁfl) . --Fi(:")n.
By construction, we have Ek_mk = Fkﬁk = 0. Assuming (nk,nk) =1 for k > 2, by an
easy U,(slz) computation we have

J J - J _ )
W) = (Bl Dy = (g, (B ES Dy = () = 1.

The lemma follows by downward induction on k. O
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For A\, € X, we define a bilinear pairing (-,-) = (-,-)x, on L(A) ® L(u), and hence
on the subspace L*(\, 1) by restriction, by letting (z ® 2,y @ y')r . = (x,y)r (2", ¥ ) -
The following is immediate from Lemma [6.22]

Corollary 6.23. Let A\, € X 1. We have (1} @ 0,13 @ nu)au = 1.

Lemma 6.24. Let x,y € UZIQ. When A, i tends to oo (with we\ + p € X, being fized
and equal to G,), (x(N3 @), y(13@14)) L€ Q(q) converges in Q((g™')) to an element
in Q(q).
Proof. As the bilinear form (-,-) on L'(\, ) is defined by restriction from the one on
L(\) ® L(u), we have by [Lu94, 26.2.2] that, for u,u’ € U,

(u(n3 @ 1), (0% @ 0)) ., = (03 @ 1y (W)U (13 @ ) -

Therefore it suffices to prove the lemma for = = 1, thanks to Proposition Using
the triangular decomposition of U we can write

Yluoen = Y FWb1 b, wed + 1) b b3 Lugar
bi,b2€B
with only finitely many f(y; b1, b2, weA + 1) € Q(q) being nonzero. We have
R @neymi®n)),, = Y fbn b wed+p) (13 @0 by 03 (13 ©n,) -
(b2,b1)€ Br, xB

Recall the triangular decomposition U = U~UU™. Following from the embedding
1 : U — U and a straightforward computation on the generators, the coefficient
J(y;b1,b2, we A 4 ) results from applying uly, a4, to (77;\ ® Ny bl_b;(n;\ ® 77“)))\7“, for
some u € <I~(_,-I?_ﬂ-(i el,), K_i(ri #0), Koo € YZ)>. Therefore f(y; b1, b2, weA + 1)
converges in Q((¢~1)) to an element in Q(g). Moreover, we have

(13 ® 1w, b1 b3 (3 @0)) ., = (00T (X ®1), b3 (13 ®n)), , =0, unless by, by € By,.

For b1,by € By,, the bilinear pairing (77;\ ® 1y, b7 by (N3 @ nu)))\ . converges in Q((¢g"))
to an element in Q(q) since we can regard this bilinear pairing as for Lj (A, ut), the

Uy, -submodule of L*(A, ) generated by n} ® 7, and then apply [Lu94} 26.2.3] to U, .
The lemma follows. O

Definition 6.25. We define a symmetric bilinear form (-,-) : U* x U" — Q(q) as
follows:

(1) For xz € UZ}CZ and y € Uzlg with ¢, # ¢/, we let (z,y) = 0.
(2) For z,y € U'ly,, we let

@y = lm (@0} @n). 03 @ m), .

(A p)ro0

(Here lim is understood as in Lemma [6.24])

()00
We have the following corollary to Lemma and its proof.
Corollary 6.26. For all z,y € U and v € U, we have (uzx,y) = (z, p(u)y).
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Let A = Q[lg~ "] N Q(q).

Theorem 6.27. The 1-canonical basis B* of U is almost orthonormal in the following
sense: for (,,C € X, and (by,ba), (b},b5) € Br, x B, we have

(010, b2, b10Eb5) = ¢, 10, 1 Oby by, TMOd g 'A.
In particular, the bilinear form (-,-) on U s non-degenerate.

Proof. The equality is trivial if ¢, # (. Now assume ¢, = (/. For A, u > 0 such that
WeA + 1 = (,, we have

((b10,b2) (03 @ 114), (B1OEb5) (1% @ 714)) 5,

= (((blow.k+ub2)(7l;\ ® nu))lv ((b/1<>w.>\+ub/2)(77;\ ® 77#))2),\
= 5b1,b’15b2,b’27 mod q_lA.

1

The first equation above follows by Theorem [6.17, while the second one follows by
Proposition [6.8 and [Lu94, 26.3.1(c)]. Hence by taking lim for the above identity

(A p)—ro0

and applying Lemma [6.24] (see also Definition [6.25]) we conclude that
(010, ba, By 0L ) = Gy, 41 Oy, mod g A.
This proves the theorem. O

The 1-canonical basis B* admits the following characterization, whose proof is iden-
tical to the proof of [Lu94, Theorem 26.3.1] and hence will be skipped.

Theorem 6.28. Let 3 € U™ Then B e B U (—BZ) if and only if B satisfies the
following three conditions: B € 4 U, ,(8) = B, and (8,8) =1 mod ¢~ 'A.

Remark 6.29. For type AIII/AIV with I, = (), a geometric construction of the -
canonical basis of U’ was given in [LWT5] (built on the earlier construction in [BKLW]),
which is almost orthonormal with respect to some geometric bilinear form. The iden-
tification between the algebraic constructions (in this paper) and the geometric con-
structions of :-canonical basis and bilinear from on U* will be addressed elsewhere.

We further expect various positivity properties for ¢-canonical bases for some classes
of QSP, similar to Lusztig’s canonical bases.

APPENDIX A. INTEGRALITY OF THE INTERTWINERS OF REAL RANK ONE

The goal of this appendix is to provide a proof of Theorem [5.3[(1) that the intertwiner
T lies in (the completion of) the integral form »,U" for all quantum symmetric pairs
of real rank one; see Table [l

We shall first establish the integrality of T in type AIV and then AIll;;, which has
the involution 7|1, # 1. These two types are easy and similar to the special case treated
in [BW13] (denoted by U’ therein). The integrality of T for type Al; was essentially
known in [BW13l Lemma 4.6]. Then we will establish some general properties of T
for the remaining types with 7|, = 1. Ultimately it requires a tedious type-by-type
analysis to complete the proof for all types with 7];, = 1.
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A.1l. Type AIV of rank n. We recall the Satake diagram of type AIV from Table [I}

v
oO—e—---- —e—0
1 2 n

Proposition A.1. In type AIV, we have Y, € 4UT for any p € N[IJ.
Proof. Recall that By = F} + 61Ty, (En)f?l_l and B, = F,, + gnTw.(El)f(,jl. Note that
RTu, (B KT = 67 Tus(Ba) KT i, BTl (BOK, ! = 4Ty (B K, F.
Introduce the divided powers B; (@) — B¢ /[a]!, for all i € I and a € N. Then we have
(A.1) B(a Z qstFl To, ( n)K 1)(1&)7 B(a Z qstF )Kgl)(t)'
s+t=a st+t=a

So Bi(a) are ,-invariant and integral (i.e. Bi(a) € 4U), for all i € I. Now for any
A€ Xt and x € 4L()\), we can write

T = Zc(al, . ak)B( ). B(ak)n)\, for c(ay,...,a;) € A.

By Corollary and using ¢, = YT¢ from (G, we have Y(x) = ¥, (¢Y(z)) € aL(N).
Taking = = & (the lowest weight vector) and A > 0, we have YT, € 4U™ for any p. O

A.2. Type AIIlly;. Recall the Satake diagram of type AIIlj; of real rank one from
Table I}

Note that the underline Dynkin diagram is not irreducible. We have B; = F; —|—giEjI~( i !
for 1 < i # j < 2. Defining the divided powers fi(a) = f#/]a]! as usual, we have
B = 3 ¢ (5K € 4U.
s+t=a
Now we are in a position to use (and choose to omit) the same argument as for

Proposition [AT] to obtain the following.
Proposition A.2. In type AIllL1, we have T, € 4UT for all p.

Remark A.3. The integrality of the standard divided powers BZ-(G) € 44U for i €I, in
types AIV and AIlly; distinguishes these two types from the remaining ones.

A.3. Type AI;. Recall the Satake diagram of type AI; from Table [Tt

O

1
Since there is only one element in I, we shall drop the index 1 and write B = F +
¢ 'EK~! + kK~ This is the only real rank one case when x can be non-zero. Set
T =3 . Yc where T, = 7.E©) . Proposition [A11] below and its proof are adapted
from [BW13, Lemma 4.6] (where x = 1).
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Proposition A.4. In type AL, we have Y. € 4UY for all ¢ > 0.
Proof. Recall from (B.6]) we have § = k. Equation (4.9) implies that

(F+q 'EK' + kK™)YT = Y(F + ¢EK + kK),
which can be rewritten as

Yer1 = —=(¢ — ¢ g~ (gle]ve—1 + #7e)-
It follows by induction on ¢ that 7. € A, since by definition we know vy = 1. O
A 4. Generalities when 7|, = 1. In this subsection, we assume that the Satake
diagrams are real rank one of types with 7|;, = 1 and I, # 0 (i.e., of types Allz, BII,

CII, DII, FII); see Table [l In all these cases, we have the parameters x; = 0, for all
i €l,. Let
I, = {i}.

Then following Theorem [£.8] we have
(A.2) T=> 7T,

ceN
where Y. = T (y,i1i) has weight c(wei + 1). Note that (A.9) implies that ¢,(B;)T =
T (B;), that is,

(B + 6iTwa (B) KDY = T(F + 6 'W(Twa (B)K3),  FY =TF(j €L).
Using [Lu94, Proposition 3.16], we have (for ¢ > 1 and j € L)

(A.3) ri(Ye) = —(gi — ¢ N YTeo1 67" Y(Tu (Ey))

= (g — g ) (=g) B T Ty TN (EY),
(A4) ir(Ye) = —(a —a; Vi - qi<i’w'i> Ty (B3) Y1,
(A.5) ;r(Te) =1m;(Te) =0.

Recall the shorthand notation w® = wewy. Let ¢(w®) = k. Note w® is of the form
w® = 8§41 Siy " Sij_1Sips i1 =1, =1€l,.

Introduce a shorthand notation T; ..., , = Ti; Ti, - -+ Tj,_,. Applying Proposition [£.15]
we have

(A-6) Te=) veler ez vck)Ei(cl)Ti(Ei(zcz)) o (TiliZ“'ik—l(Ei(Ck))).

We adopt the convention that E](-a) = 0forany j € I, with a < 0, and v.(c1,co,...,ck) =
0 unless all ¢; > 0. We shall write v, = 7.(c1, ¢2, . . ., ¢x) when there is no need to specify
each component.

The following lemma shall be used extensively in this section.

Lemma A.5. [Jan96l Proposition 8.20] For any w € W, if w(i') = j' € X fori,j €1,
then we have T,(E;) = Ej;.

Lemma A.6. We have
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Proof. We have wesi, Siy -« 8, _, (1) = —wp(i') = 1. The lemma follows by Lemma[A.5]
O

Lemma A.7. Let ¢ > 1. If we have y.—1(c1,¢2,...,ck) € A for all (c1,¢a,...,ck), then
(1-— qi_z)_cwc(cl,CQ, cooyck) €A for all (c1,¢0,...,c) with ¢p > 1.

Proof. Using Lemma and (A.3), we have
ri(Ye) :Z%(cl, co,y ... ,ck)qfl_lqi<i’c(w'i+i)_cli>Ei(cl_l)Ti(Ei(f)) e (Tili?”ikﬂ(Ei(c’“)))
= (g~ @) G Temr T (B)
= — (g — ¢ (=) Wt
Z’Yc—l(q, 2, ck) e + 1]iEi(01)Ti(Ei(§2)) oo <Tz'1i2...ik,1(Ei(c’“+1))).
Therefore we have for weight reason that, for ¢; > 1,

Yeler,eay .., Ck)qicl_1qi<i’c(w°i+i)_cli>

=— (¢ — qi_l)(—Qi)<i’2p'> -§i_1’Yc—1(61 —1,co,.. ¢ — 1)[cli,

that is,
(A.7)
/76(617627 s 7Ck‘)
= — (g — ¢; Vg PV glme () @200 (e — Lea, e — Dlers.
It follows by an induction on ¢; that (1 — qi_z)_cl%(cl,@,...,ck) € A as long as
C1 Z 1. O
Remark A.8. We proved a stronger result than just 7.(c1,c2,...,cx) € A under our

assumption. The importance shall be clear later in this section.

Our strategy is to prove that Y. € 4 U™ by induction on c¢. The base case at ¢ = 0 is
always true since we have To = 1. For the induction step we shall compute the precise
actions of r; on Y. for j € I case by case. Then thanks to Lemma [A7] it suffices to
prove that
(A.8)

Yeler,ca,y ... cp) € A for all ¢, if (1 — qi_2)_clfyc(cl,02, .o.ycr) € A when ¢ > 1.

This is what we shall do later in this section case by case.
To facilitate the case-by-case analysis below, let us introduce some shorthand nota-
tions. For a sequence i1tz .. .4, with i; € I, we shall often use the shorthand notation

Ti1i2~~~ik = Tz'sz'g - T

s

In concrete cases below (with labelings as in Table[I]), the sequence i . .. ik is naturally
partitioned into increasing and decreasing subsequences, and we shall insert indices 7;
to indicate the local maxima/minima of the sequence. For example, T;,..,...;, means
the subsequences i ---4; and ¢; - - -4, are monotone, and Tj,...;...,,...s,, means the sub-
sequences i1 - - -1y, iy im, and i, - - - i, are monotone, and so on. Here is a concrete
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example which occurs in Type CII below: the shorthand 2---n---1---n---k, for some
1<k<n,means23---n—1nn—1---212---n—1nn—1---k.
For z,y € U™, we write

[2,y], -1 = 2y — ¢ 'y

Since the ring A is invariant under multiplication by ¢® for any a € Z, we shall often
use the notation ¢* to indicate g-powers without computing the precise exponent when
it is irrelevant.

A.5. Type AII of rank 3. In this subsection we assume the quantum symmetric pair
(U, U") is of type AIL. We label the Satake diagram as follows:

*e—O—©0
1 2 3
Take the reduced expression w® = s9515352. Then we have

Te=> et ca,c3, ) BSY - To(B)) - To(BSY) - Targ (ES™),

where ¢ = 1(c1 + 2 + 3 + ca). (For weight reason T, = 0 if ¢ is not an integer.)
We then compute the actions of r1 and r3 on those root vectors. Note that we have

To(E1) = E2By — ¢ ' By Ey;
To(E3) = EyB3 — ¢ ' E3Ey;
To13(E2) = (E2Ey — ¢ 'E\Ey)Es — 7 ' E3(Ey By — ¢ Ey Ey).
The following lemmas follow from straightforward computation.
Lemma A.9. We have

Ey-T(F) =q¢ 'T(E)-E  and E3- To(F3) =q 'To(E3) - Es,
E,-Ti(Ey) =qTi(E2)- By and Es- T3(E2) = qT3(Es) - Es,

Lemma A.10. We have

(1) rl(Tz(E(”))) = (1-q 2By B(E™Y);
ry(To(E\?)))
(To(ES™))
(B(ES)) = (1 — 2By - (B V)
7”1(T213( (64))) = (1— ¢ 2)Tz(E3) - T213(E§C4_1));
(Ta3(ESY)) = (1 — ¢ ) To(By) - Tora(BSY).

Proposition A.11. In type AIl, we have Y. € 4UT for all ¢ > 0.

0;
0

;
T3

Proof. Tt suffices to prove the statement (A.8]) by the general discussion in §A4l Let
us assume

(1 —q; %) (e, ey, cx) €A when ¢ > 1.
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Since 71 (Y.) = r3(Y.) = 0 by (AH), we have

1
=14

= Z’yc(cl, co,C3, C4)[Cg + 1]E§cl) . Tg(E%Cz)) . Tg(Eécg—H)) . T213(E§c4_1))
+ D qelen, ea, e, en)ler + g BETY 1y (B TY) STy (BEY) - Torg(BSY).

It follows that

T‘l(TC)

Ye(er,ca + 1,e3 + 1, ¢q)[er + 1)g ™% = —ve(e1 + 1, ¢2,¢3, ¢4 + 1)[cs + 1.
Therefore we have
Ye(0,c2 + 1,¢5 4+ 1,¢4) = =g “7.(1, co, 3,4 + 1)[c3 + 1] € A.

It follows that ~.(c1, ca,c3,cq4) € A if ¢1, ¢ are not all zero. On the other hand, we have
7:(0,0, c3,cq4) = 0 for weight reason. The proposition follows. O

Corollary A.12. We have ¢; = ¢4 and ¢y = c3 whenever vc(c1, c2,¢3,¢4) # 0.

A.6. Type DII of rank n > 4. In this subsection we assume the quantum symmetric
pair (U, U") is of type DII. We label the Satake diagram is as follows:

n-1

/O
o—e—---—o

1 2 Ne

n

We take the reduced expression w® = S1-S9-++Sp_2+*Sp—1-Sn - Sp—2 -+ S1. Therefore
we can write Y. as

Tc = Z'Yc(cl, N 7C2n—2) E§61) . Tl(EéCQ)) . (Tlm2(E§02n,2)))‘

For weight reason, we must have v.(c1,. .., ca,—2) = 0 unless 22221_2 c =cC.
Lemma A.13. For k # 1, we have
. 1= ¢ )Ty (B - (T (B9DY), ifk =i+ 1
Tk(T1~~~i(Ei(+)1)) _ ( N ( 1)( ) - (Trni( i+1 ) f .
0, ifk#£1+ 1.

Proof. Let us first assume that ¢ < n — 2. The proof is divided into three cases:
(1) If £ > i+ 2, it is clear that rg(T1...;(Ei+1)) = 0.
(2) For k < i, we have
T (T1 (e ) TR T (ot 1)i (B 1)) = 70 (T1eee 1) (B Thg1)-i (Bi1)]g-1)
=7k ([T1- (k1) (B )s Tt 1)i (Bie1)] 1)
= 'k (Trom1) (Bk)) - Ty (Bis1)
— ¢ Tgo1yi(Big1) - 7 (Tr o1y (Bk)) = 0.
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(3) For k =i+ 1, we have (for i <n — 2)
Tl---z’(Ez'—i-l) = T1~~~(’i—1)([Ei7 Ei_i_l]qfl) = [T1~~~(i—1)(Ei)a Ei-‘rl]q*l-
It follows that
'r'z'-l—l(Tlmi(Ei—l-l)) = (1 — q_2)T1,,,(i_1) (Ez)
Since T;(Ei 1) - E; = ¢ 'E; - T;(E;41), we have
a — a—1
ript (Tra (BY) = (1= 47 2) Ty (Br) - T (BSTY).

The case i = n — 1 is entirely similar to the case i = n — 2, since T,,_1(E,) = E,,. The
lemma follows. O

Lemma A.14. Fori#n,n—1 and k # 1, we have
» (1= 0 2) T i) (Bi) - Tronei(BSTY),  ifk=i#n—2;
Pk(Tion-i(Bi1)) = $ (1= ¢ ) T1n(Bna) - Trommeny (EYS)),  ifk=i=n—2
0, if k # 1.

Proof. The computation is divided into six cases.
(1) For k <i— 2, we have

T1~~~n~~~z’(Ei—1) = [Tlm(k—l) (Ek), T(k+1)~~~n---i(Ei—1)]q*1 .

Therefore we have

T (Tl...n...i(Ei—1)> :Tk([Tl---(k—l)(Ek)vT(k+1)“'""'i(E"_1)]q71>
=0 (T o1y (Br)) - (T(’f“)”'””'i(Ei_l))

— q_l <T(k+1)...n...i(Ei_1)> . Tk(TLn(k—l)(Ek)) =0,

since 7g(Ty...k—1)(Ex)) and T(xy1)..p...i(Fi—1) commute.
(2) For k =i — 1, we consider

Tiepei (Bi1) =T1pe (g 1) ([Bis Bim1]g—1)
=[Trne (i) (Bi)s Tri (Bim1)]g=1 = [Trome (1) (Bi)s Bl g1
Then since i — 1 < i+ 1—2, by Case (1) we have
Tie1 (Tromei (Biz1))
= ¢ i1 (Thee(ip)) (B) - Bi = ¢ B - 11 (Type i1 (Ei)) = 0.
(3) For k = i, following (A.9]) we have
Pi(T1omei(Bic1)) = Thene(ie) (Bi) = @ 2T (i) (Bi)
= (1= ¢ ) T1ne (1) (Bi)-

(A.9)

More generally we have

Fi (T i(BL)) = (1= 07 ) Ty (B) - Tromea (BETY).
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(4) Forn —3 >k > i+ 1, we consider
Tyenei(Bic1) = Tiemee (b41) (B Tho1)i (Bic1)]g-1)
= [Tronee (1) (B )s Thow (i 1) (B g1
Note that 7y (Ty...i+1)(£i)) = 0 unless k = i. Therefore by Case (2) we have
Ti(T1omi(Ei—1)) = 0.
(5) For k =n — 2, we consider that
Tionei(Bim1) = Tion ([Br, Tm1)i (Bim1)]g=1) = [T1on(Bk)s T (i) (Bi)] g1
Note that ry (Tk~~~(i+1)(Ei)) = 0 unless k& = i. Therefore by Case (2) we have
Ti(T1omi(Ei—1)) = 0.
(6) For k =n — 1 (the case k = n is similar), we have (true for i = n — 2 as well)
Ty i(Bi1) =Ti oot <[En, T(H_Q)...i(Ei_l)]qfl)
= [T (n=1) (En), Tin—1)-(i+1) (Bi)lg-1-
Note that since by Lemma [A.13]
Tn—1<T1...(n—1)(En)> = 7"n—l<T(n—1)...(¢+1)(Ez')> =0,
we have

Tn—1(T1eomei (Eiz1)) = 0.
This completes the proof. O

Remark A.15. The computation for (1)-(4) in the proof of Lemma [A14] is essentially
a type A computation, and will appear very often for the other cases as well.

Lemma A.16. For k # 1, we have

(1= ¢ DTy (Bn) - Teon(BYS)),  ifk=n—1;
P(Tin(By29)) = § (1= 472 Ty (Bact) - T (BYSY), if k=
0, otherwise.

Proof. Note that
Tl---n(En—2)
:Tl---(n—S) (q_2EnEn—1En—2 - q_lEnEn—2En—1 - q_lEn—lEn—2En + En—2En—lEn)-

Therefore we have 74 (Ty...,(En—2)) = 0 for £ < n— 2, thanks to Lemma [A. T3] Tt is easy
to see 1,—2(T1..n(En—2)) = 0 as well by a direct computation using Lemma [A.T3]
On the other hand, we have

Pt (Tron(Bn—2)) =¢ °En - T1.neg)(Bn—2) — ¢ ' By - T1...(n3)(En—2)
— ¢ Ty (n-3)(En—2) - En + T1(n—3)(En—2) - En
= — ¢ ?T1(n2)(En) + T1...(n-2)(En)
=(1- q_2)T1---(n—1)(En)'
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Now since E,, - T, (En—2) = qTp(En—2) - E,, we have

a

_ -1
Pt (T (By2)) = (1= )1y (Ba) - Tron (B,
The computation of rn(Tl...n(EfLa_)Q)) is entirely similar. The lemma follows. O
Proposition A.17. For quantum symmetric pairs of type DII of rank n > 4, we have
Y. € 4UT forall c > 0.

Proof. Recall by the general discussion in §A4] it suffices to prove the following state-
ment (which implies (AS)):

Ve, ... can—2) € A for all ¢, if ve(c1,...,con—2) € A when ¢; > 0.
We compare the coefficient of the following terms in the identity r,(Y.) = 0:
B Ty (BY?) o (Tya (B ) with gy = 1,¢; = 0 for j < k — 1.

We obtain that

(1—q¢H700,...,ce_1 =0,¢1,...) € (1 —q_Q)Z’yc(...,ck_l =1y, —1,...) A
Therefore thanks to Lemma for the base case, we have inductively:
(A.10) Yeler,...) € A, if ¢ > 0.
The proposition follows. O

A.7. Other types. The proof of part (1) of Theorem 5.3 for QSP of type BII of rank
n > 2, type CII of rank n > 3, and type FII follows from entirely similar computation
as type DII of rank n > 4. The precise details can be found in the (longer) appendix
of the arXiv Version 1 of this paper, and shall be omitted here.
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TABLE 4. Satake diagrams of irreducible symmetric pairs
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